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Supplementary Text
S1 Mesh

We propose two classes of ori-kiri assemblages with RS meshes and UV meshes, respectively. The
abbreviation “RS” denotes “rotating square”, i.e., the classical kirigami pattern exhibiting auxetic
properties by the rotation of square cut units. The abbreviation “UV” represents “UV mapping”,
a texture mapping technique that can unwrap images on a sphere to a planar surface. As shown
in Figure S1A, the cube with an RS mesh has six faces of 4 X 4 squares. Each square is divided
into two triangles by a diagonal crease. The square can fold along its crease and rotate relative to
its neighbor square at the common vertex. The RS mesh can also be made on curved surfaces. As
shown in Figure S1B, the sphere with an RS mesh has six faces as well, while the squares have
been generalized to skew quadrilaterals to approximate the curved surface. In addition, we can
also approximate a sphere with a UV mesh. As shown in Figure S1C, the standard UV mesh is
composed of trapezoids except for triangles at the poles. Similar to the RS mesh, each trapezoid is
divided by a diagonal crease.

Both the RS meshes and the UV meshes have deployed forms with open slits. As shown in Figure
S1D, the cube with an RS mesh has six deployed faces. The green lines indicate discontinuous
intersections across which the panels are not connected, while the red lines represent continuous
intersections where the panels are connected at their common vertices. Figures S2A and S2B
demonstrate all the continuous and discontinuous intersections on an RS mesh. Figure S1E shows
the continuous and discontinuous intersections of a deployed RS mesh on a sphere. Figure S1F
shows a torus with a deployed UV mesh where the trapezoids become skew quadrilaterals. The
green line at the inner circumference of the torus is a discontinuous intersection where the panels

on opposite sides are not connected with each other.

S2 Parametrization

Cube with RS mesh. Following the notations illustrated in Figure S2C, we can index the six faces
of the cube by 1 to 6, and the eight vertices by 1 to 8. Figure S4A shows a cube in a Cartesian

coordinate system. We denote the eight vertices by V; to Vg. Given the edge length of the cube 2L,



the positions of V; to Vg can be written as

Vi=(-L,-L,-L), V,=(L,-L,-L), V3=(L,L,-L), Va=(-L,L,-L), s
Vs=(-L,-L,L), Ve¢=(L,-L,L), V;=(L,L,L), Vg=(-L,L,L). GD

We additionally introduce local indices of the four vertices on each face, as shown in Figure S2D.
We denote the locally-indexed vertices on the k-th face by Vkl to ‘71(4 for k = 1,2,...,6. The

relationship between the global and local indices is given by
face I: Viy=Vi, Vip=Va, Viz=Vs, Vig=Vs;
face2: Voy=Vo, Vap=V3, Va3 =Vq, Voy=Vi;
face 3: V31 =Va, Vap=Vy, Viz=Vg, Vag=Vy;
— — _ _ (S2)
face 4: V4 =Vy, Vap=Vi, Vaz=Vs, Vay=Vg;
face 51 Vs; =Vi, Vsa=Vs, Vs3=Va, Vsy=Vi;
face 6: Vo1 = Vs, Ver=Vs, Vs = V7, Ve = Vi;

For the k-th face, we refer to the segment VHVM as the left boundary, and the segment Vlekz as
the bottom boundary. On each face, the position of the point P can be determined by its distance
away from the left and bottom boundaries, denoted by u and v, respectively. We scale u and v by

u Vv
=—, g=—. S3
P=5749=731 (S3)

As a result, the parameters p and g are within the interval [0, 1].
We denote the origin point of the Cartesian coordinate system by O. Naturally, the coordinates
of the origin is O = (0,0,0). Supposing the coordinates of the point P is (x,y,z), we have

O_I)D = (x,, z). For the point P on the k-th face, the parameters p and ¢ can be calculated by

= =7 — = = =7 — =
_ViVia - (OP = 0OVi1) _ ViiVia - (OP - OVi) (S4)
P 412 4 412 '

Inversely, we can use the parameters p and ¢ to locate the point P by

—_ P P—— PE———
OP = OVi1 + pVi1Via + qVi1 Via, (S5)

where p,q € [0, 1]. Equation (S4) maps (x, y,z) to (p, q), while Equation (S5) maps (p, g) to

(x,y,z). We define the following functions

(P, q) = feupe-rs (X, y, 25 k, L), (S6)



(X, y’ Z) = gcube—RS (p’ q’ k’ L) (S7)

The function fype-rs represents the map given by Equation (S4). The function g.ype-rs represents
the map given by Equation (S5).

Sphere with RS mesh. Figure S4B shows a sphere with an RS mesh in a Cartesian coordinate
system. The sphere is divided into six spherical square faces with eight vertices. We follow the
same index rules as those for the cube (Figures S2C and S2D). Given the radius R, the positions of

V, to Vg are written as

Vi = (-R,-R,-R)/V3, Vo= (R,-R,-R)/V3,

Vi=(R,R,-R)/V3, V4= (-R,R,-R)/V3, -
Vs=(-R,-R,R)/V3, Vs=(R,—-R,R)/V3,

V5= (R,R,R)/V3, Vs = (—R,R,R)/V3.

The local-global index relationship follows Equation (S2) again. For the k-th face, the left boundary
is the great-circle arc (or equivalently, geodesic line) connecting vertices Vi1 and Vi, and the bottom
boundary is the great-circle arc connecting Vi1 and Vi2. We can locate a point on each face by its
relative position away from the left and bottom boundaries. For example, in Figure S4B left, the
point P falls on face 1. The left boundary can be extended to the two antipodal points on the z axis
and form a half great circle. We can find another half great circle ending at this pair of antipodal
points but passing through the point P. These two half great circles bound a spherical lune of a
dihedral angle @. We can follow the same procedure to obtain the other spherical lune intersecting
with the bottom boundary. The resulting dihedral angle is denoted by 5. The dihedral angles @ and

B determine the position of the point P on the face. We map a and 8 onto the interval [0, 1] by

20 28

P=—4
bs m

(59)

In general, for a point on the k-th face, we can obtain the parameters p and g based on the left and
bottom boundaries of the face. We denote the origin point of the coordinate system by O = (0,0, 0),
and the coordinate of the point P by (x,y, z). Then, we have O_P> = (x,y,z). We aim to express
the parametrization for the six faces with a unified formulation. To this end, we take the 2nd face
(i.e., the one intersecting with the positive semi x axis) as a reference face and rotate the points

on the other faces to the 2nd face, around the spherical center (i.e., the origin of the coordinate



system O). Specifically, we rotate the boundaries of a face along with the target point and preserve
their relative locations, such that the corresponding boundaries (say, the left, bottom, right, and top
boundaries) of this face coincide with the corresponding boundaries on the 2nd face. We suppose
the point P on the k-th face moves to the point P on the 2nd face after the rotation. We denote the

coordinates of P by (X, 7, Z). The rotations from the points P to P can be expressed as

(x,y,2) - R () ifk=1,
(x,5,2) if k=2,

5.9 | (x,y.2) - R; (-5) ifk =3, 10
(x,¥,2) - R; (m) if k = 4,

(x,y,2) - Re (-3) R (§) ifk =5,

(x,v,2) - Ry (%) R. (%) if k =6,

in which R,(7) and R.(¢) are the rotations around the x axis and the z axis, respectively. The

expressions of R, () and R,(¢) can be written as

1 0 0 cost sint O
R:(t)=|0 cost sint |, R;(t) =] —sint cost O |- (S11)
0 -—sint cost 0 0 1

After the rotations, the dihedral angles @ and 8 remain unchanged:

a=a, B=p. (S12)

On the reference face, to parameterize the point ﬁ, first, we compress the Cartesian coordinates

(%,7,2) to the azimuth angle @ and the elevation angle & by

0 = atan2(y,X), @ = atan2(z, \/x2 + y2), (S13)



where the function atan?2 is the four-quadrant inverse tangent defined as

arctan (

==

) if x > 0,

arctan (

==

J+n ifx<Oandy >0,

arctan (2) -7 ifx <Oandy <0,
atan2(y,x) = (S14)

==

+7 ifx=0andy > 0,
-3 ifx=0andy <0,
undefined ifx=0and y =0.

Second, we convert the azimuth angle 6 and the elevation angle ¢ to the dihedral angles a and E,
scaling @ and E with Equation (S9), and obtain the parameters p and g. The final expressions of p

and g become

1 2~ 1 2 tan ¢
p=-+-0,g=-+=arctan i (S15)
2 2 cos 6

Inversely, we can obtain the spatial location of a point with the parameters p and ¢q. First, we

calculate the elevation angle 6 and the azimuth angle ¢ by

6= gp - %, ¢ = arctan [tan (gq - %) cos 5] , (S16)
where p, g € [0, 1]. Second, we calculate (x,y,7) by
X =Rcos@cosf, y=Rcos@sinb, Z=Rsin. (S17)

Finally, we rotate the point P from the reference face to the face that the point P belongs to. The

rotations can be expressed as

(3;7 yaz) ° Rz (_%) lfk = 1,
(x,y,2) if k=2,
(X,5.2) - R. (%) if k =3,
(x,9.2) = e (S18)
(x,y,2) - R, (m) if k =4,

%5.9) R (-Z)Re (%) ifk =5,

X572 - R. (-Z) R, (-%) ifk =6.




Equations (S10)—(S15) map (x, y, z) to (p, g¢), while Equations (S16)—(S18) map (p, q) to (x, y, z).

We define the following functions

(p.q) :fsphere-RS(X,)% 23 k), (S19)

(x,¥,2) = Esphere-rs (P> G5 k, R). (520)

The function fgphere-rs represents the map given by Equations (S10)—(S15). The function gsphere-Rs
represents the map given by Equations (S16)—(S18).

Sphere with UV mesh. Figure S4C shows a sphere with UV mesh in a Cartesian coordinate system.
We can simply use the elevation angle 8 and the azimuth angle ¢ to determine the position of the
point P on the sphere. Here, we stipulate that the direction of the negative semi x axis corresponds

to zero azimuth angle 6 = 0. Then we scale 6 and ¢ onto the interval [0, 1] by

0 e 1
= —, ==+ —. S21
pP=5-4 =_%35 (S21)
We denote the coordinates of the point P by (x, y, z). Then, p and ¢ can be calculated by
1 1 1 1
p = —atan2(y,x) + =, g = — atan2(z, y/xZ + y2) + =, (S22)
27 2 b4 2

where the function atan2 is defined by Equation (S14). Inversely, we can use p and g to locate the

point P by
x = —Rsin(ng) cos(2np), y = —Rsin(ng) sin(2zxp), z = —R cos(nq), (523)

where p, g € [0, 1] and R is the radius of the sphere. Equation (S22) maps (x, y, z) to (p, ¢), while
Equation (S23) maps (p, g) to (x, y, z). We define the following functions

(P, @) = fsphere-uv (X, ¥, 2), (S24)

(x,y,2) = Zsphere-UV (p.q;: R). (S25)

The function fg,pere-uv represents the map given by Equation (S22). The function gsphere-uv repre-
sents the map given by Equation (S23).
Torus with UV mesh. Figure S4D shows a torus with a UV mesh (left) and its section view (right)

in a Cartesian coordinate system. We denote the major radius of the torus by R and the minor radius



by r. The position of a point P on the torus is determined by two orientation angles 6 and ¢. The
toroidal angle 6 represents the orientation in the toroidal direction (around the circle of radius R)
while the poloidal angle ¢ represents the orientation in the poloidal direction (around the circle
of radius r). We stipulate that the zero toroidal angle (6 = 0) corresponds to the direction of the
negative semi x axis, and the zero poloidal angle (¢ = 0) corresponds to the direction pointing to
the centroid of the torus. Both the angles 6 and ¢ are within the interval [0, 2], satisfying that
6 = 0 or 2x represents the same position in the toroidal direction, and ¢ = 0 or 2z represents the
same position in the poloidal direction. We scale 6 and ¢ onto the interval [0, 1] by
p:%,q:%, (S26)
We denote the coordinates of the point P by (x, y, z). The parameters p and ¢ can be calculated by
1 1 1 1
P=5 atan2(y, x) + 3 4= 5 atan2(z, /x2 +y2 — R) + 3 (S27)

where the function atan2 is defined by Equation (S14). Inversely, we can use p and g to locate the
point P by

x =—[R —rcos(2ng)] cos(2np), y = —[R — rcos(2nq)] sin(2np), z = —rsin(2rq), (S28)

where p, g € [0, 1]. Equation (S27) maps (x, y, z) to (p, q), while Equation (S28) maps (p, q) to

(x,y,2). We define the following functions
(P, q) = fiorus-uv (x,y,2; R), (S29)

(-x’ ya Z) = gtOI’US—UV(p, Qa Ra r)' (830)

The function £,y Uy represents the map given by Equation (S27). The function grys-uv represents

the map given by Equation (S28).

S3 Regular patterns

Compact RS mesh. For each of the six faces of an RS mesh, (p, ¢) form another mesh in a square
region [0, 1] x [0, 1] in the parameter space. We refer to this mesh in the parameter space as
RS-parameter mesh. Figure SSA shows a 4 X4 regular RS-parameter mesh, which can parameterize

one face of an RS mesh. We assign indices to the square cells and nodes on the RS-parameter mesh,



as shown in Figure S5D. Supposing the RS-parameter mesh corresponds to the k-th face of the RS
mesh, we use the triple (i, j, k) to index the square cell on the i-th column and the j-th row. For each
square cell, we index its four nodes counterclockwise starting from the lower-left corner by 1 to 4.
In general, for the square cell (i, j, k) on the N X N RS-parameter mesh, we denote the coordinates
of the [-th node by (p; ;> qijki), in whichi,j =1,2,..,N; k =1,2,...,6; 1 = 1,2,3,4. In
this work, for the simplicity of formulation, we restrict N to be a positive even integer. Then the

coordinates (p;,j k.1, qi,j k1) can be calculated as

pijk1=({—1)/N, Pijk2=1i/N, pijrk3=i/N, pijka=(-1)/N, 31
giji1 =G =D/N, qijk2=G-1/N, qijks=Jj/N, qijkas=J/N.
By substituting Equation (S31) into Equation (S7), we can map the parameters (p; j x.i» qi,j.k,1) tO

the spatial vertex positions, denoted by (x; j x., Yi,j.k.1» Zi,j,k,1)- The map can be expressed by

(Xijkeols Yiojkods Zisjik1) = Beube-RS (Pij k1> Gij k13 Ky L). (S32)

Through this map, the panels and vertices of the RS mesh inherit the indices i, j, k, [ of the cells
and nodes of the RS-parameter mesh. In addition, to express the assignment of the creases, we

define the bi-value parameter

+1, if the crease connects vertices 1 and 3,
Ci’ j,k = (833)

—1, if the crease connects vertices 2 and 4,
where the triple (i, j, k) represents the panel to which the indices is assigned. Figure S3A shows an
RS-parameter mesh which parametrizes all the six faces of an RS mesh. By setting ¢; ; x = +1 for
all i, j, k, we can obtain a compact cube with a uniform crease assignment, as shown in Figure S3B.

Furthermore, we can substitute Equation (S31) into Equation (S20) and obtain the vertex positions

(Xi,j k1> Vi,j.k.I» Zi,j k1) on a sphere:
(Xij k1> Viojods Zij k1) = Bsphere-RS (Pij k> Gij ks ks R). (S34)

Figure S3C shows the compact spherical RS mesh with a uniform crease assignment. The cube in
Figure S3B and the sphere in Figure S3C share the same RS-parameter mesh in Figure S3A.
Deployed RS mesh. Figure S5B shows the RS-parameter mesh composed of 4 X 4 obliquely placed

squares in the unit square region in the parameter space. The rotation angle & determines the nodal



coordinates of the square cells. As shown in Figure S5C, for an N X N RS-parameter mesh, each
obliquely placed square cell occupies a larger square region of side length 1/N which is divided
into two parts of lengths ¢#; and t,. We have #| + t, = 1/N and t;/t, = tan(£/2). Therefore we can

solve #1 and 1, by
1 tan(£/2) 1 1

T Ni1+tan(é/2) 2T N1+an(£/2)

Then we can calculate the coordinates of the nodes in the deployed RS mesh. We follow the same

131 (S35)

index rules that are applied to the compact RS-parameter mesh. For the obliquely placed square

cell (i, j, k) on the N x N RS-parameter mesh, the coordinates of the /-th node (p; .1, i jx,;) can

be calculated by
foreveni+j: pijx1=(@-1)/N, gijk1 = —1)/N+1,
pijk2=i/N -, qijk2=( - 1D/N,
Pijk3 =1/N, qij.k3=J/N -1,
Pijka=E—-1)/N+t1, qijra=J/N;
(S836)
foroddi+j: pijx1=0G-1)/N+t1, qije1=( —1)/N,
Pijk2=1/N, qijk2 = —1/N+1,
Pijk3 =1/N -1, qijk3=JIN,
pijka=(I—1)/N, qijka=J/N—1.

We can specify different values for £ and obtain various deployed RS-parameter meshes. First, if we
specify & = 0, the deployed RS-parameter mesh degenerates to the compact RS-parameter mesh.
Second, specifying ¢ = x/3 leads to the RS-parameter mesh shown in Figure S3D. In this case,
we substitute Equation (S36) into Equation (S32) and generate the cubic RS mesh in Figure S3E.
Also, we can substitute Equation (S36) into Equation (S34) and obtain the spherical RS mesh in
Figure S3F. Third, specifying & = /2 leads to the RS-parameter mesh in Figure S3G. In this case,
we substitute Equation (S36) into Equation (S32) and Equation (S34), and then we can generate
the cubic RS mesh as shown in Figure S3H and the spherical RS mesh as shown in Figure S3I,
respectively.

Compact UV mesh. We refer to the mesh in the parameter space of a UV mesh as UV-parameter

mesh. Figure S16A shows an 8 X 4 regular and compact UV-parameter mesh on the square region



[0,1] x [0, 1]. We assign indices to the cells and nodes on the compact UV-parameter mesh, as
shown in Figure S16D. The tuple (i, j) is used to index the rectangle or triangle on the i-th column
and the j-th row. For each rectangle, we index its four nodes counterclockwise starting from the
lower-left corner by 1 to 4. For each triangle, we assign two indices to the nodes on the top or bottom
boundary of the UV-parameter mesh, so that the indexing is consistent between the rectangles and
triangles. As a result, the triangles can be considered as degenerate quadrilaterals in the sense that a
double-indexed node of a triangle represents two coinciding nodes of a quadrilateral. Generally, an
M x N UV-parameter mesh consists of M X N quadrilaterals (including M X2 degenerate triangles).
We restrict M and N to be positive even integers. For the cell (7, j) on the M X N UV-parameter mesh,
we denote the coordinates of the /-th node by (p; s, ¢i,j;), in whichi=1,2,..,M; j=1,2,...,N;

[ =1,2,3,4. The coordinates (p; ;. qi,;1) can be calculated by
ifj=landl=1,2: p;j1=pij2=Q2i-1)/2M), qij1=qij2=0;
ifj=Nand!=3,4: p;;3=pija=Q2i-1)/2M), qij3=qija=1
otherwise: p;;1=(~-1)/M, g;j1=(—1)/N,
pij2=i/M, gij2 = —1/N,
pij3=1/M, qi,j3=J/N,

pija=—-1)/M, q;js=j/N.

(S37)

By substituting Equation (S37) into Equation (S25), we can map the parameters (p; ;, gi,j.1) to the

spatial vertex positions, denoted by (x; j s, yi j.i, Zi,j,1)- The map can be expressed as

(Xi )05 Yiojils Zij1) = Ssphere-UV (Piji1s qi 15 R). (S38)

Through this map, the panels and vertices of the UV meshes inherit the indices i, j, [ of the cells
and nodes of the UV-parameter mesh. In addition, to express the assignment of the creases, we

define the bi-value parameter

+1, if the crease connects vertices 1 and 3,
Ci, j= (839)

—1, if the crease connects vertices 2 and 4,

wherei=1,2,....M,j=2,3,...,N — 1, and the index (i, j) represents the quadrilaterals to which

the assignment is applied. Figure S15A shows a UV-parameter mesh which can generate 16 X 8



compact UV meshes. By setting ¢; ; = +1 for all i, j, we can obtain the compact spherical UV mesh
demonstrated in Figure S15B.

Deployed UV mesh. Figure S16B shows the regular deployed UV-parameter mesh composed of
8 X 4 obliquely placed parallelograms and triangles in the unit square region in the parameter
space. As shown in Figure S16C left, for an M X N UV-parameter mesh, each obliquely placed
parallelogram occupies a larger rectangular region of width 1/M and height 1/(N — 1) while each
triangle occupies a rectangular region of width 1/M and height 1/(2N —2). The parallelogram cell
divides the horizontal edge of the rectangle into u# and u5, and divides the vertical edge into v{ and

v2. We use Equation (S35) to determine u; and u5:

1 t 2 1 1
L= _M, Uy = ———— (S40)
M 1 +tan(&/2) M 1 +tan(&/2)
On the vertical side, v| and v, are determined by
1 t 2 1 1
vi = ng/ -, (S41)

N-ll+an(£2) 2" N—11+tan(é/2)

The triangular cell divides the horizontal edge of the rectangle into #; and u, and divides the vertical
edge into v and 7,. The expressions of uy, uy, and v are the same as those for the parallelogram
cells, while 7, is expressed by

= T el s

We note that in Equations (S40)—(S42), the variable £ is not any existing angle in the deployed

UV-parameter mesh, but is only a parameter that controls the deployment of the pattern. If £ = 0,
u; and vy equal zero, and therefore lead to a compact UV-parameter mesh. Next, we give the
coordinates of the nodes of the parallelogram and triangles. To this end, we index the cells and
nodes as shown in Figure S16E. The index rules are the same as those applied to the compact
UV-parameter mesh, where the triangles are considered as degenerate quadrilaterals assigned four

nodal indices. For the cell (7, j) on the deployed M x N UV-parameter mesh, the coordinates of the



[-th node (p; j 1, qi ;1) can be calculated by
foreveni + j:
lf] =land! = 1,23 pi,j,l = pi,j,2 = (l - 1)/M, qt,j,l = C]i,j,z = 0;

if j=Nandl=3,4 pij3=pija=>0-1/M, gi;3=qija=1;

otherwise: pija={-1)/M, gija=(—1)/N+vy,
Pij2=i/M —uy, gij2 = —1/N,
pij3=1i/M, qij3=J/N—vi,

Pi,j,4 = (l - 1)/M+ul’ Qi,j,4 = J/N’
foroddi + j:
ifj=Tlandl=1,2: pi;1=pij2=i/M, gij1=4gij2=0;

ifj=Nand!=3,4: p;;j3=pija=i/M, qij3=qij4=1;

otherwise: piji=G—-1)/M+ui, qgij1=(—1)/N, (S43)
pij2=i/M, gijo = —1)/N+vy,
pij3=i/M—uy, qi,j3=J/N,

pija={-1)/M, gij4=J/N—vi.
Then we can substitute Equation (S43) into Equation (S30), mapping the parameters (p; ; s, qi,j.1)

to the spatial vertex positions, denoted by (x; ; 1, yi j.i, zi,j,1). The map can be expressed as

(Xij.1> Yi,j1sZij1) = Srorus-UV(Piji1s Gij1s Ry 7). (S44)

We can assign different values to ¢ and obtain various deployed UV-parameter meshes. If we
specify & = /3, we can obtain the UV-parameter mesh in Figure S15C. In this case, we substitute
Equation (S43) into Equation (S44) and then generate the toric UV mesh in Figure S15D. If we
specify & = /2, we can obtain the UV-parameter mesh in Figure S15E. In this case, we substitute

Equation (S43) into Equation (S44) and then generate the toric UV mesh in Figure S15F.

S4 Optimization for compatibility

Independent parameters for compact RS mesh. Consider an RS mesh enclosing a cube of half

side length L or a sphere of radius R. The RS mesh can be determined by the size variable L or R



and the elements in the following set
Prs = {(pijkssGijrd) |1, =12, N k=1,2,...,6; [ =1,2,3,4}, (545)

where p; j«; and g; ;. ; are the parameters that determine the vertex positions. In terms of opti-
mization variables, however, there are numerous redundant parameters in Prg due to the following
reasons. (1) The common vertices of adjacent panels are at the same position and therefore share
the same parameters. (2) Some vertices are restricted to move only on the boundaries and therefore
have only one independent parameter. (3) The vertices at both ends of a boundary are fixed (see
Equations (S1) and (S8)) and therefore have zero independent parameter. Considering the reasons
above, we classify the vertices of an RS mesh into three categories: the interior vertices, the bound-
ary vertices, and the corner vertices. Figure S6A shows a 4 X 4 compact RS-parameter mesh with
the independent local indices of the interior, boundary, and corner vertices. Compared with the
indices in Figure S5D, we have removed the redundant indices such that only one index is reserved
for the vertices at the same position. We can see that on the interior region, each index corresponds
to four vertices; on the boundaries, each index corresponds to two vertices; at the corner, the index
and vertex have a one-to-one correspondence. We recall that on the continuous intersections (see
edges 1 to 8 in Figure S2C) of an RS mesh, the adjacent panels, which belong to different faces, are
connected by their common vertices. These common vertices are also located at the same position
so that there exist additional redundant parameters on the continuous intersections. Now we extract
the independent parameters from Pgrg for a general compact N X N X 6 RS mesh. First, the interior

vertices are parameterized by the elements in the following set

Pint.-c-RS = {(pi,j,k,l, Qi,j,k,l) l’j = 2, 37 ""N’ k = 1’2a ceey 67 l = 1}' (846)

Second, the boundary vertices are parameterized by the elements in the following set

Ppdy-crs = Pody-c-rs,1 U Pody.-c-rS,2 U Pody.-c-rS,3 U Pody.-c-RS 45 (S47)



where the four subsets Pygy.-c-rS,15 Pbdy.-c-RS,2> Pody.-c-Rs,3, and Ppay c-rs.4 correspond to the bottom,

right, top, and left boundaries of the RS mesh, respectively, and their elements are given by

Poay-crs,1 = {(Pijiss0)|i=23,.,N; j=1; k=1,2,3,4; [ = 1},
Poaycrs2 = {(L.qijxs) |i=N; j=2,3,...N; k=5,6; [ =2},
(S48)

Pogy-crs3 = {(Pijass D) [i= 1.2, s N =15 j=N; k=1,2,3,4; [ =3},

Poay-crsa = {(0,qijks) [i=1; j=1,2,.,N-1; k=1,2,..,6; [ = 4}.
We follow the global edge indices in Figure S2C. Then, the subset Ppqy.c.rs,1 represents the
boundaries 1, 3, 9, and 11; the subset Pyay_c s> represents the boundaries 10 and 14; the subset
Ppay.-c-Rs,3 represents the boundaries 2, 4, 13, and 15; the subset Pyqy _c_rs 4 represents the boundaries
5,6,7,8, 12, and 16. Third, the corner vertices are fixed, corresponding to the following set of

constant elements:

Peor-crs = {(0,0), (1,0)k, (1, 1)k, (0, ) | k = 1,3}. (549)

Altogether, we define the following union set

Pcrs = Pint-c-rs U Ppay-crs U Peor-c-rs, (S50)

which has no redundant parameters and determines all the vertex positions. Importantly, we have
the following equivalence

P.rs ~ Pgs, (S51)

in the sense that the parameters determining the same vertex positions are considered to be equivalent

with each other. This equivalence can also be written in the expanded form as

for interior vertices:
Pijkl = Di-1,jk2 = Di-1,j-1,k3 = Pi,j-1k4>» L, J>1; k=1,2,..6;

Qijkl = Gi-1,j,k2 = qi-1,j-1,k3 = qij-1kd4» LJ>1 k=1,2,...,6;



for boundary vertices on the same face:

Dilkl = Di-1.1.k2  qilkl1 =qi-11k2=0, i>1; k=12,..,

gN,j k2 =4qN,j-1k3> PN,jk2=PNj-14k3=0, j>1;

qiNk3=qiriNk4 =0, 1<N;

6

6

Pi,N.k3 = Di+1,N k4> k=1,2,...,6;
6

qi1,jkas=q1,j+1k1> Pljks=Plj+1x1=0, Jj<N; k=12,..,

for boundary vertices on adjacent faces:

Dilkl = Pi,Nk'4s i>1; k=1, k =5
Pili1 = PiNk 4, i>1; k=6 k=1,
Dilkl = PN-i+l1k2, i>1; k=3,k =5
DiNk3 = PN-i+INk' 4, i <N; k=3, k" =6;
qN.jk2 = q1,j.k .15 J>l k=4k =1
qN,jk2 = q1,j,k,15 j>1; k=1,k =2
qN,j.k2 = 41,5k 1 j>1;, k=2, k' =3;
qN,jk2 = 4q1,j,k,15 j>1;, k=3, k =4
for corner vetices:
Pkl =0, qrix1=0, k=12,..,6;
pNak1 =1, gnixk1=0, k=1,2,..,6; (S52)
PNNk1 =1 gyniai =1, k=1,2,..,6;
Pinvi1 =0, qinki=1 k=12,..6;

where i, j = 1,2, ..., N. Inserting the parameters in P._rg into Equation (S7) or (S20), we can obtain
all the vertex positions of a compact RS mesh. We collect the spatial coordinates of all these vertices

to construct the following set:

Xers = {(Xij kot Vijots Zijokd) | G Jo ko 1) € Iers )y (S53)

where the set I.rs contains indices (i, j, k,l) corresponding to the independent parameters

(Pijki>qijki) € Pers. Then, we define a function g.grs to express the map from P.rs to



Xc.Rs as
Xc = 8e-RS(Pc; deRs); Xe € Xcrs, Pe € Pers, (S54)
where the variable a.rg is the size of the surface (L or R) with the compact RS mesh. Inversely,
with Equation (S6) or (S19), we can define a function f. rs to express the map from X, rs to P._rs
as
Pe = fe-rs(Xc; ders); Pe € Pers, Xe € Xeogs. (S55)
Independent parameters for deployed RS mesh. When an RS mesh is deployed from the compact
state, some vertices at the same position will move apart, and therefore, their parameters are no
longer identical. As a result, we have more independent parameters. Figure S6B shows a 4 x 4
deployed RS-parameter mesh and the local indices corresponding to the interior, boundary, and
corner vertices. We can see that on the interior region, each index corresponds to two vertices; on
the boundaries, the index and vertex have a one-to-one correspondence. It is worth noting that the
previous corner vertices on the compact mesh become boundary vertices on the deployed mesh
because they move away from the two ends on the boundaries due to deployment. We recall that
the set Prg given by Equation (S45) contains all the parameter pairs that determine an RS mesh. In
general, for a deployed N X N X 6 RS mesh, we extract the independent parameters from the set Prg
in the following way. First, the interior vertices are parameterized by the elements in the following
set
Pine-d-rS = Pint-a-rs,1 U Pint-a-rs2 U Pine-d-rs,3 U Pinc-d-rs .45 (S56)
where the subsets Pin.g-rs,1 and Pipc-g-rs2 correspond to the panels that rotate clockwise (even
i + j) when deployed, and the subsets Piy-g-rs 3 and Py -q-rs 4 correspond to the panels that rotate

counterclockwise (odd i + j), and their elements are given by
Pinc-ars,1 = {(Pijki qijis)| eveni+ j, i <N, [ =3},
Pinc-ars2 = {(Pijki qijui)| eveni+ j, j <N, 1 =4},
(S57)
Pinc-ars3 = {(Pijki @ijen)| 0ddi+ j, i < Ny 1 =2},

Pinc-ars4 = {(Pijrs i) oddi+j, j < N; =3}
In the definitions above, we have i, j = 1,2, ..., Nand k = 1,2, ..., 6. Second, the boundary vertices

are parameterized by the elements in the following set

Pody.-d-Rs = Pody.-d-rS,1 U Pody.-d-rS,2 U Phdy.-d-rS,3 U Phdy.-d-RS 45 (S58)



where the four subsets Pyqy_d-rs, 1, Pody.-d-RS,2> Pbdy.-d-rS,3, and Ppay.-d-rs 4 correspond to the bottom,

right, top, and left boundaries of the meshes, respectively, and their elements are given as follows

Poay-a-rs,1 = {(Pijk1,0) [ =2,eveni+jorl=1,0ddi+j; k=1,23,4},

Poay-ars2 = {(1,qi k) | =3,eveni+jorl=2,0ddi+j; k =5,6},

Poay-ars3 = {(pijks. 1) | I =4, eveni+ jorl=3,0ddi+j; k=1,2,3,4},

Poay-d-rs4 = {(0,¢i k) |1 =1,eveni+jorl=4,0ddi+j; k=1,2,..,6},

(S59)

in which i,j = 1,2,..., N. In analogy to the compact meshes, we have removed the redundant

parameters on the continuous intersections—the subset Pyqy..4-rs,1 corresponds to the boundaries

1, 3,9, and 11 shown in Figure S2C; the subset Ppay-q.rs,2 corresponds to the boundaries 10 and

14; the subset Ppgy_q.rs,3 corresponds to the boundaries 2, 4, 13, and 15; the subset Pypgy-q-rs 4

corresponds to the boundaries 5, 6, 7, 8, 12, and 16. The following procedures is very similar to

those for the compact patterns. We define the following union set

Pyrs = Pint-d-rs U Pody.-d-RS»

and then we have the following equivalence

PyRrs ~ Prs.

This equivalence can also be written in the expanded form as

for interior vertices:

Pi,j.k,3 = Pi+l,j,k4s
Pi,j kA = Dij+l,k,15
Pijk2 = Pi+l,j k15

Dijk3 = Pi,j+1,k2

qi,j.k3 = qi+l,j,k4s
qi,jk4d = qij+1,k,1>
qi,j.k2 = qi+l,j k1>

qi,j.k3 = qi,j+1,k2

eveni+ j,
eveni+ j,
oddi+ J,

oddi + J,

for boundary vertices on the same face:

qi-1.1.x1=¢qi1xk2 =0, eveni, 6
PN,j-1k2=PN,jk3 =0, evenj, k=1,2,..,6;
qi-1Nk3 =qinkas =0, eveni, 6

Plj-1,k1 = P1,jk4 =0, even j,

k=1,2,..,

k=1,2,...,

i<N; k=1,2,..
J<N; k=1,2,..
i<N; k=1,2,..

j<N; k=1,2,..

k=1,2,...,6;

(S60)

(Se61)



for boundary vertices on adjacent faces:
N — T — /I _ &g
Pilk2 = PiNk 3, 0dd i Pilk1l = DiNk 4, CVENI; k=1, k =5;
v — T — /1.
Pilk2 = PiNk 3, 0dd i Pilk,l = PiNk' 4, €VeN [; k=6, k=1,

.. _ .. _ /I _ .
Dilk2 = PN-i+1,1.k’,1> 0dd i pi1x1 = PN-i+1,1,k'2, €VENI; k=3, k' =5;

PiNk3 = PN-i+1,N.k'4» 0dd @5 pinka = PN_it1 Nk 3, €veni; k=3, k' =6; (562)
gn,jk2 = q1,jk.1, odd j; dN,jk3 = q1,j,k .4, €VEN J; k=4, k' =1;
gn,jk2 =q1,jk .1, odd j; gN,jk3 = q1,j,k' 4> €VEN J; k=1, k' =2;
dN.jk2 =q1,jk .1, odd j; gN,jk3 = q1,jk 4> €VEN J; k=2, k' =3;
qn,jk2 = q1,jk.1, odd j; gN,jk3 =q1,j.k' 4> €VEN J; k=3, k =4

where i, j = 1,2, ..., N. The set P4rs has no redundant parameters and determines all the vertex
positions of a deployed RS mesh when substituted into Equation (S7) or Equation (S20). We collect

the spatial coordinates of all these vertices to construct the following set

Xars = { (X jkets Vi ks 2ijiet) | (s 7ok, 1) € Lags} (S63)

where the set I.rs contains indices (i, j, k, [) corresponding to the parameters (p; ; k1> qi,j k1) €

P4.rs. Then we define a function g4.rs to express the map from Py rs to Xq.rs as

X4 = g4d-rs(Pd; dd-rRs); Xd € XdrS, Pd € Pyars, (S64)

where the variable aq.rgs is the size of the surface (L or R) with the deployed RS mesh. Inversely,
using Equation (S6) or (S19), we can define a function f4 g to express the map from Xq4.rs to Py rs
as

Pa = fars(Xd; adRrs); Pa € Pars, Xa € Xd-rs. (565)
Independent parameters for compact UV mesh. Consider an UV mesh enclosing a sphere of radius
R or a torus of major radius R and minor radius . The UV mesh can be determined by the radii R

and r and the elements in the following set
Puv = {(pij1 qij1) |i: 1,2,..,.M; j=1,2,..,N; [ =1,2,3,4}, (S66)

where p; ;; and g; ;,; are the parameters that determine the vertex positions. For a compact UV

mesh, as shown in Figure S17A, we can classify the vertices into interior vertices and polar vertices.



In the interior region, the common vertices of adjacent panels are at the same position and therefore
redundant parameters emerge here. The polar vertices are fixed at the two polar points of the
sphere, so that there is no effective parameter. We extract the independent parameters from Pyy
of a compact M X N UV mesh. We recall that M and N are assumed to be positive even integers.

First, the interior vertices are parameterized by the elements in the following set
Piccuv ={(pijnqij)|i=12,..M; j=2,3,..,N; [ =1}. (S67)
Second, the polar vertices are fixed, corresponding to the following set of constant elements

Ppolar—c-UV ={(0,0), (0, )} (S68)

Altogether, we define the following union set

P.uv = Pintcuv U PpOlaI—C—UV’ (S69)

which has no redundant parameters and determines all the vertex positions of a compact UV mesh.
We have the following equivalence

Pc.uv ~ Puy, (S70)
which can be written in the expanded form as

for interior vertices:
Pij1l = Di-1,j2 = Pi-1,j-13 = Pij-14, J > 1;
qij1 =qi-1,j2=qi-1,j-13 = qGi,j-14, J > 1;
for polar vertices:
Pir1=pi12=0, gi11=qi12=0; (S71)
PiN3=DPiNa=0, giN3=qina=1;

wherei =1,2,...M,j=1,2,...,N, and we stipulate thati — 1 = M for i = 1. Then, by inserting
the parameters in P..yy to Equation (S25), we can obtain all the vertex positions of a compact UV

mesh. We collect the spatial coordinates of all these vertices to construct the following set

Xeuv = { (i yijusziga) | (.7, 1) € Leeuv}, (872)



where the set I, yy contains the indices (i, j,/) corresponding to the independent parameters

(pi,j1»qi,j1) € Peuv. We define a function g..yy to express the map from Pc_yy to Xc_yv as

Xe = €e.uv(Pe; dc-uv); Xe € Xe-uvs Pe € Peuv, (873)

where the variable a..yy is the radius R of the sphere with the compact UV mesh. Inversely, using

Equation (S24), we can define a function f._yy to express the map from X, yy to P.yv as

Pe = feuv(Xe; acuv); pe € Peuv, Xc € Xeuv. (S74)

Independent parameters for deployed UV mesh. Now we consider a deployed UV mesh enclosing
a torus of major radius R and minor radius . As shown in Figure S17B, we can classify the vertices
into the interior vertices and the boundary vertices. We note that the previous polar vertices on the
compact pattern become boundary vertices on the deployed pattern because they move from the
polar points to the inner circumference after the deployment. We can see that either in the interior
region or on the boundary, each index corresponds to two vertices. However, the boundary vertices
are different from the interior vertices because they only move on the inner circumference (that
is, the intersection) during the optimization. We recall that the set Pyy given by Equation (S66)
contain parameters that determine an UV mesh. In general, for a deployed M X N UV mesh, we
extract the independent parameters from Pyy in the following way. First, the interior vertices are

parameterized by the elements in the following set

Pini-a-uv = Pint-a-uv.1 U Pinc-a-uv,2 U Pine-d-uv 3 U Pinc-g-uv 4, (S75)

where the subsets Pjyg.uv.1 and Py g.uv2 correspond to the panels that rotate clockwise (even
i+ j) when deployed, and the subsets Py -g-uv,3 and Piy g-uv 4 correspond to the panels that rotate
counterclockwise (odd i + j). Their elements are given by
Pinc-auv,i = {(piji, qij)|eveni+j, j>1,1=1},
Pinc-auv2 = {(pij qi,j,z)| eveni+ j, j <N, | =4},
(S76)
Pinc-auvs = {(piji qij)|oddi+ j; j < N; 1=3},
Pinc-auva = {(piji qi,j,1)| oddi+j; j < N; =4},
in which i, j = 1,2, ..., N. Second, the boundary vertices are parameterized by the elements in the

following set

Pody.-d-uv = Pody.-d-uv,1 U Pody.-d-uv 2, (S77)



where the subsets Pygy.-¢-uv,1 and Pyqy_g-uv 2 correspond to the bottom (g; ;; = 0) and top (g, ;; = 1)
boundaries of the meshes, respectively, and their elements are given by
Poay-a-uv,i = {(pij1,0) |[i=1,3,..M-1; j=1; =1},

Poay-a-uv2 = {(piji, 1) |i=13,...M-1; j=N; [ =3}.

(S78)

The following procedures are very similar to those for the compact meshes. We define the following

union set
Pyuv = Pinc-q-uv U Ppgy.-d-uv, (S79)

and then we have the following equivalence
Pyuv ~ Puv, (S80)
which can be written in the expanded form as

for interior vertices:
Pij1 = Pi-1,j2> 4ij1 =4qi-1,j2, eveni+j, j>1;
Pij4 = Dij+1,1» 4ij4=dqij+1,1, eveni+j, j <N,
Pij3 = Dij+12> 4ij3 =dqij+12, oddi+j, j <N,

Pij4 = Di-1j3s 4ij4=4qi-1,3, oddi+j, j<N;

for boundary vertices:

Pill = Pil2 = Pi-1,1,1 = Pi-1,12,  odd i
DiN3 = PiN4 = Pi-1N3 = Di-1,N4, oddi; (S81)
gi 11 =4gi,12=0;
qinN3 =gina =1,
where i = 1,2,....M, j = 1,2,...,N, and we stipulate that i — 1 = M for i = 1. The set Pq.yv
has no redundant parameters and determines all the vertex positions of a deployed UV mesh when

substituted into Equation (S30). We collect the spatial coordinates of all these vertices to construct

the following set

Xauv = {(xi 0 Vi 2ij0) | (70 1) € Liuvh, (S82)



where the setI4.yy contains indices (i, j, [) corresponding to the independent parameters (p; j 1, gi,j,1) €

P4.yv. Then, we define a function g4.yv to express the map from Py.yy to X4.uyv as

X4 = gd-uv(Pd; ad-uv); Xd € Xq.uv, Pa € Pauv, (S83)

where ag.yv = (R, r) is the array that contains the major radius R and minor radius r of the torus
with the deployed UV mesh. Inversely, with Equation (S29), we can define a function fg.yv to

express the map from Xq4.yy to Pg.yv as

Pd = fa.uv(Xq; ag.uv); Pa € Pauv, X4 € Xg.uv. (S84)

Constraints for compatibility. To quantify the compatibility between the compact and deployed

meshes, we define the following metric function

N,
1 €

Fnerrie(Xe. X, €) = == D (sek = 5)°. (S85)
€ k=1

where s¢x is the k-th side length (including edges and diagonal crease) of a compact RS or UV
mesh; sq« 1s the corresponding side length for the deployed mesh; X, is the set of vertex positions
of the compact mesh, defined by Equation (S53) for an RS mesh or by Equation (S72) for a UV
mesh; X is the set of vertex positions of the deployed mesh, defined by Equation (S63) for an RS
mesh or by Equation (S82) for a UV mesh; ¢ is the array of crease assignment defined by Equation
(S33) for an RS mesh or by Equation (S39) for a UV mesh. The metric function fpeyic can be

equivalently expressed by counting the panels:

Ny 5
1 P
fmetric(Xc» X4, C) = % Z Z(Sc,m,n - Sd,m,n)z’ (S86)

n=1 m=1
where s¢ ., 1S the m-th side (and crease) length of the n-th panel of a compact RS or UV mesh,
and sq,., 1 the corresponding side length for the deployed mesh. The summation goes through all
the N, panels. For an N X N X 6 RS mesh, we have N}, = 6NZ2. For an M x N UV mesh, we have
Ny, = MN. The panels of an RS or UV mesh can have different crease assignment (two diagonals)
and different shapes (quadrilaterals or triangles), as shown in Figure S7. The lengths s s, OT Sdm.n
correspond to the four edges (m = 1, 2, 3, 4) and the assigned crease (m = 5). It is worth noting that

the triangular panels are considered to have an edge of zero length and the crease of zero length.



The constraint function of the optimization framework should receive the parameters P, and Py
and the size variables a. and aq as input instead of the vertex positions X, and X4. We note that
the size variable a4 can be a scalar a4.rs for the deployed cubic or spherical RS meshes or a vector
agyy for the deployed toric UV mesh. For conciseness, we use the scalar notation a4 to refer to
both a4 rs and ag.yv. Then, we define the compatibility constraint function as

Jmetric [gc (Pc; ac), gd(Pd; (ld)]
f2
d

fcomp. (Pc, Py, ac, aq, C) = , (587)

where P, is the set of independent parameters of the compact mesh, defined by Equation (S50) for
an RS mesh or by Equation (S69) for a UV mesh; Py is the set of independent parameters of the
deployed mesh, defined by Equation (S60) for an RS mesh or by Equation (S79) for a UV mesh;
a. is the size of the compact mesh, equal to the half side length of a cube or the radius of a sphere;
aq is either the size of the deployed mesh, equal to the half side length of a cube L, the radius of
a sphere R, or the array of the major radius and minor radius of a torus (R, r); ¢ is the array of
crease assignment defined by Equation (S33) for an RS mesh or by Equation (S39) for a UV mesh;
g. represents the map from the 2D parameters to the spatial vertex positions given by Equation
(S54) for a compact RS mesh or by Equation (S73) for a compact UV mesh; g4 represents the
map from the 2D parameters to the spatial vertex positions given by Equation (S64) for a deployed
RS mesh or by Equation (S83) for a deploy UV mesh. We note that the constraint function is
nondimensionalized by a characteristic length of the deployed mesh {;. For the cubic RS mesh,
we define {4 = 2aq.rs/N; for the spherical RS mesh, we define {3 = 2waq.rs/N; for the toric UV
mesh, we define {4 = [472Rr/(MN)]'/2, where R and r are components of ag.yv = (R, 7).

Constraints for relative positions of vertices. To avoid the distortion of the meshes, we should
impose constraints to relative positions of vertices in panels and slits. However, the panels and
slits are mainly skew quadrilaterals, which means their four vertices are not necessarily on the
same plane. It is complicated to characterize the “distortion” of the skew quadrilaterals directly
in the 3D space. We take advantage of the parametrization of the 3D coordinates and constrain
the vertex positions with their 2D coordinates in the parameter space. The counterpart of a skew
quadrilateral in the 3D space is a planar quadrilateral in the 2D space. As shown in Figure S9,
during the optimization, an initially-valid planar quadrilateral may evolve to a distorted one that

is non-convex, self-intersected, or orientation-reversing. We aim to avoid these circumstances by



imposing the following inequality constraints

n-[(p3-p)X(P2-pP)] <0, n-[(ps—p1)x(pP3-p1)] <0,
(S88)

n-[((pa—p2) X(P3-p2) <0, n-[(p1—p2)x(ps—p2)] <0,

where n is the normal vector pointing towards the outside direction of the image. Essentially,
we have defined the “distortion” of a skew quadrilateral in the 3D space as the non-convexity,
self-intersection, or orientation reversing of its counterpart in the parameter space. In addition,
Equation (S88) can also avoid the orientation reversing of triangles if we consider the triangles
as degenerate quadrilaterals with two coinciding vertices. Therefore, Equation (S88) is a unified
constraint applicable to all the panels and slits of the RS or UV meshes. For both the compact and
deployed meshes, we work through all the panels and slits and collect the inequalities given by

Equation (S88). We denote all the inequalities by the following vectorized constraint
prS.(PC’ Pd) < 0, (589)

where P, is the set of independent parameters of compact meshes, defined by Equation (S50) for an
RS mesh and Equation (S69) for a UV mesh; Py is the set of independent parameters of deployed
meshes, defined by Equation (S60) for an RS mesh and Equation (S79) for a UV mesh.

Constraints for continuity. For compact RS meshes, we recall that there are eight discontinuous
intersections (edges 9 to 16 in Figure S2C) at which the panels on different sides are not connected
with each other. This discontinuity may lead to additional slits at the boundaries, which are not
supposed to exist on a theoretically compact structure, as shown in Figure S10. To tackle this issue,
we align the corresponding vertices on the discontinuous intersections to remove the redundant

slits. These constraints can be easily expressed in the parameter space by

Pitkl +qNN-i2kr2 =1, 1=2,3,..,N; k=2, k =5;
Pitkl—qui-1ka=0, i=23,..,N; k=4, k=5,

(S90)
pi,N,k,3_QN,i+1,k’,2:O’ l: 1727"-7N_ 1; k :27 k/:6;
DiNk3+QiN-ika=1, i=1,2,...N-1;, k=4, k' =6.

We note that we cannot impose the continuity constraints to the compact and deployed states of an

RS mesh at the same time, because this causes over constraints that impede the convergence of the



optimization algorithm. The compact UV meshes have no discontinuous intersections. Therefore,
the compactness of a UV mesh can be guaranteed without additional constraints. Instead, we impose

continuity constraints at the discontinuous intersection of a deployed UV mesh by
pit1—DpiN3=0,i=1,3,...M—1. (S91)

Altogether, we have developed the continuity constraints for compact RS meshes or deployed UV

meshes. For conciseness, we define a unified expression to refer to Equations (S90) and (S91) by
fcont.(Pc, Pd) =0, (892)

where P, is the set of independent parameters of the compact meshes, defined by Equation (S50)
for an RS mesh or by Equation (S69) for a UV mesh; Py is the set of independent parameters of the
deployed meshes, defined by Equation (S60) for an RS mesh or by Equation (S79) for a UV mesh.
Constraints for symmetry. For the sake of the regularity of the optimized meshes, we can addi-
tionally impose constraints of symmetry to the vertex positions. Specifically, the RS meshes are
constrained to have three planes of mirror symmetry (the xy, yz, and zx planes), and the UV
meshes are constrained to have one plane of mirror symmetry (the xy plane) as well as an axis of
rotational symmetry (the z axis). The constraints of mirror symmetry for the compact and deployed

RS meshes can be expressed in the parameter space as

mirror symmetry with respect to yz plane:
Pijkl ¥ PNs1—ijk2=1,  qijr1—qn+1-ijk2=0, k=1,3,5,6;
Dijk2+PN+i-ijhkd =1, qijk2—qnN+1-ijk1 =0, k=1,3,5,6;
Pijk3+DN+1-ijka =1,  qijx3—qn+1-ijka =0, k=1,3,5,6;
Dijka+DNei-ijk3 =1,  qijr4—qn+1-ijk3 =0, k=1,3,56;
Pijki + PNel=ijie2 =1, qijki —qnei-ijie2 =0, k=2, k' =4
Pijk2+ DNel=ijked =L, Gijk2—qN+i—iji1 =0, k=2, k' =4;
Pijk3+PN+l-ijkd =1, Gijk3—qne1-ijia=0, k=2, k' =4

4 .
Dijka+PNe-ijkr3 =1, qijkas—qne-iji3=0, k=2, k =4



mirror symmetry with respect to zx plane:
Pijk1 +DPN+i-ijk2 =1, qijr1 —qnvi-ijk2=0, k=24,
Pijk2+* PN+i-ijhkd =1, Gijr2—qnei-ijikn =0, k=2,4;
Pijk3+DN+1-ijka =1, qijk3—qn+1-ijka =0, k=24
Dijka+DNei-ijk3 =1, qijra—qnei-ijk3 =0, k=24
Pijk1 —PiN+1-jk4 =0, qijx1+qinei-jks=1 k=5,6;
Dijk2 = PiNe1-jk3 =0, qijr2+qins1-jx3=1, k=35,6;
Pijk3 — PiNt1-jk2 =0, qijk3+qinv1-jk2=1, k=35,6;
Dijkd = PiNel—j k1 =0, qijka+qinei-jh1 =1, k=35,6;
Pijkd ¥ DNel=ijir2 =1, qijk1 —qN+1-iji2=0, k=1, k' =3;
Pijk2+PNs-ijht =1 Gijk2—qnei-ije1 =0, k=1, k' =3;
Pijk3+DNel—=ijeda=1, qijk3—qnN+i-ijia=0, k=1, k' =3;

’ .
Dijka+tPNei-ijir3 =1 Gijkas—qnNe1-iji3=0, k=1, k =3

mirror symmetry with respect to xy plane:
Pijkl —PiNe1-jka =0, qijx1+qine1—jha=1 k=1,2,34;
Pijk2 = PiNel-jk3 =0, qijr2+qine1—jx3=1 k=1,2,3,4;
Pijk3—PiNel-jk2=0, qijr3+qine1—jx2=1 k=1,2,3,4;
Dijka—PiNel—jk1 =0,  qijra+qinei—jh1 =1, k=1,234; (593)
Pijkd = PiN+i—jk4 =0, qijr1+qiNei-jra=1 k=5 k' =6;
Pijk2 = PiN+l-jk3=0, qijk2+qin+i-jw3=1 k=5 k' =6;
Pijk3—DPiN+1-jk2 =0, qijx3+qine-jr2=1 k=5 k' =6;
Pijka = PiN+1-jk1 =0, qijra+qina-je1=1 k=5 k'=6;

where i,j = 1,2,..., N. The constraints of mirror symmetry for the compact and deployed UV



meshes can be expressed in the parameter space as

mirror symmetry with respect to xy plane:
Pij1—Pin+1-j4 =0, qij1+qint1-j4=1;
Pij2 = PiN+1-j3=0, qij2+qint1-j3=1; (S94)
Pij3— Pin+1-j2=0, qij3+qiNs1-j2=1;
Pij4—PiN+1-j,1 =0, qija+qine1-j1=1;
wherei =1,2,...,M and j = 1,2, ..., N/2. The constraints of rotational symmetry for the compact
and deployed UV meshes can be expressed in the parameter space as
Piv2,ji — Piji=2/M -1, qiji1—qiji=0; i=M=2;
(S95)
Pi+2,j,1 — Pi,jl = 2/M, qijl —4qijl= 0; otherwise;
where i = 1,2,...,M —2 and j = 1,2,..., N. For conciseness, we define a unified expression to

refer to Equation (S93) for RS meshes, or Equations (S94) and (S95) for UV meshes, by
fsym.(Pc, Py) =0, (S96)

where P, is the set of independent parameters of the compact meshes, defined by Equation (S50)
for an RS mesh or by Equation (S69) for a UV mesh; Py is the set of independent parameters of
the deployed meshes, defined by Equation (S60) for an RS mesh or by Equation (S79) for a UV
mesh. We note that the constraints of symmetry are not necessary to guarantee the convergence of
the optimization algorithm.
Objective function. We define the objective function fqp;. to specify opening angles of some slits at
the deployed compatible state so that, to a certain extent, we can control the degree of deployment
of the optimized RS or UV mesh. We note that the selection of objective function is based on the
specific demands in addition to the compatibility. One can define other objective functions, such as
the variance of the panel areas to pursue a higher uniformity of the meshes.

For the purpose of specifying certain opening angles of a deployed mesh, first, we define the

following angle function

N,
I < _
fonte(Xa) = 5 0 (005 0 = €05 G’ (897)



where wg, 1s the n-th opening angle that we aim to specify on a deployed RS or UV mesh, and
Wq, 1s the specified value of the corresponding angle; Xy is the set of vertex positions of the
deployed meshes, defined by Equation (S63) for an RS mesh or by Equation (S82) for a UV mesh.
The number of opening angles to be controlled is denoted by N,. For RS meshes, we set N, = 6,
corresponding to the opening angles of the central slits of the six faces as shown in Figures S8A

and S8B. These opening angles wq, can be given by

XN N — XN N ‘XN N — XN N
( F+1,5.n3 7,7,7&3) ( T 504 T’Tvnﬁ)

where n = 1,2, ..., 6, and the vertex coordinates X; ; x ; belong to the set X4 rs defined by Equation

W(J-RS,n = arccos , (S98)

XN

N — XN N
7+l,7,n,3 7,7,}’1,3

(S63) for the RS meshes. For UV meshes, we set N, = 4, corresponding to the opening angles of
four slits at the outer circumference of the torus as shown in Figure S8C. In this case, the opening

angles wq , are given by

X I N2 X Ny |\ XyyNy4 —X| N
(L73 LTA) (ALTA LTA)

) b

W{-UV,] = arccos

X{ N,—X| N Xy Ny~ X N
‘Lyﬁ LTAH)MJA 1.¥.4

W{-Uv,2 = arccos

(S99)

W{-uv,3 = arccos

W{-uv,4 = arccos

where the vertex coordinates x; ;; belong to the set X4.yv defined by Equation (S82) for the UV
meshes.

Similar to the constraint functions, the objective function should receive the parameters P4 and
the size variable aq as input variables instead of the vertex positions Xg4. Therefore, we define the

objective function as

fobj.(Pa, aq) = fangle[8a(Pa; aa)], (S100)



where Py is the set of independent parameters of the deployed meshes, defined by Equation (S60)
for an RS mesh or by Equation (S79) for a UV mesh.; a4 is the size variable of the deployed mesh,
equal to the half side length of a cube L or the radius of a sphere R, or representing the array of the
major radius and minor radius of a torus (R, r); gq represents the map from the 2D parameters to
the spatial vertex positions given by Equation (S64) for deployed RS meshes or by Equation (S83)
for deployed UV meshes.

Implementation. The optimization framework for the compatibility between the compact and

deployed configurations of an RS or UV mesh can be described in a unified form as

fcomp, (P, Py, ac,aq,¢) =0,

e . fsym. (Pc> Pd) = 0,

mlln%)mlze fobj. (P4, aq) subject to (S101)
rade fpos.(Pc, Pd) <0,

feont. (Pe, Pg) < 0.

We use the sequential quadratic programming (SQP) algorithm to solve the optimization problem
given by Equation (S101). In our calculation, the crease assignment is prescribed to have the same
types of symmetry. The RS meshes are mirror symmetric with respect to three orthogonal planes,
with the creases assigned as

+1, |i—jl|<N/2,
Cijk = (S102)

-1, |i—-jl=NJ2.
The UV meshes are mirror symmetric with respect to the horizontal plane and rotational symmetric
with respect to the vertical axis, with the creases assigned as

+1, eveni+j,
Cij = (S103)

-1, oddi+]j.
The parameters of regular patterns (text S3) serve as the initial values of the optimization variables
P. and Py4. To generate initial compact meshes, the initial values of P, are given by Equation (S31)
for an RS mesh or by Equation (S37) for a UV mesh. To generate initial deployed meshes, we
substitute the parameter & = 0.57 to Equation (S36) for an RS mesh or to Equation (S43) for a UV
mesh. We fix the size of the deployed meshes with aq = 1 for an RS mesh or ag = (1,0.5) fora UV

mesh. The initial size of the compact meshes is specified as a. = 1/V2 for an RS mesh or a. = 1



for a UV mesh. In the objective function, the reference opening angles are specified to be a constant
Wd-Rsn = w = 0.571 (n =1, 2,..., 6) for an RS mesh or a constant Wg.uy, = w = 0.47 (n =1, 2, 3, 4)

for a UV mesh.

SS Analysis on kinematic indeterminacy

Rotation axis of hinges. A hinge should guide two panels to rotate around the hinge axis. The axis
is fixed with respect to the frame of reference of each panel. In other words, the hinges are attached
to the panels. We recall that each quadrilateral panel is divided into two triangles according to the
crease assignment (¢ = +1 or —1). We suppose the panel vertices are indexed counterclockwise
by 1, 2, 3, 4. For ¢ = +1, the two triangles connect vertices 1, 2, 3 and 1, 3, 4 respectively. For
¢ = —1, the two triangles connect vertices 1, 2, 4 and 2, 3, 4 respectively. Besides, the panels
are distinguished by their clockwise (even i + j) or counterclockwise rotation (odd i + j) upon
deployment. On these grounds, we summarize the attachment patterns in Figure S12A. We can see
that each triangle has two attached hinges and each quadrilateral panel has four hinges in total. The
different rotation directions and different crease assignments lead to different attachment patterns
involving the hinges and the panels. The attachment rules above are applicable to the quadrilateral
panels for both the RS and the UV meshes. In addition, we recall that the UV meshes have some
panels that are originally triangles (j = 1 or N). These triangular panels can also be classified
into two types according to their clockwise (even i + j and j = 1, N) or counterclockwise (odd
i+ jand j = 1, N) rotation upon deployment. In analogy to the quadrilateral panels, we give the
attachment rules on these triangular panels, as shown in Figure S12B. We can see that there are
three hinges in total for an original triangular panel. Altogether, in the panel-hinge system, each
hinge connects two (either divided or original) triangles at the common vertex. The deployment of
an ori-kiri assemblage requires the panels to rotate around the hinge axis from the compact state
to the compatible deployed state. We can calculate the direction of the rotation axis for each hinge
based on the compact and deployed configurations.

As shown in Figure S12C, at the compact state, two triangular panels have a common vertex
a and each has two more vertices b, ¢, and d, e, respectively. From the compact state to the
compatible deployed state, the triangle abc undergoes a rigid-body motion with its vertices moving

to @, b, €. The triangle ade follows the same rigid-body motion and additionally rotates around



the common vertex a with respect to the triangle abec, with the vertices a, d, e moving to a, d,
€, respectively. The rotation matrix can be determined by the vertex locations of the compact and
deployed configurations. First, we calculate the basis vectors of the local coordinate systems fixed
on the panels of the compact and deployed configurations. On the triangle abc, we set up a local

coordinate system with basis vectors mj, m,, m3 as

c—a b—a)xm m3; X m
m = ——, 3= ( ) Lomy=——— L (S104)
llc —al| |(b —a) xmyl| |lmz X my ||
On the triangle ade, we set up a local coordinate system with basis vectors ny, ny, n3 as
d-—a n X(e—a n3 Xn
n=——  n3= #, n) = e R (S105)
lld —a]| [In; x (e —a)| lInz X my |

On the deformed triangle ab¢, we set up a local coordinate system with basis vectors m, My, M3

as
—~ c—a — (b—ﬁ)Xﬁ"ll — ﬁl3Xﬁ1
m = ——-— m3 = — —, M) = ————.
llc—all |(b —a) x my]| |lm3 X my ||

On the deformed triangle ade, we set up a local coordinate system with basis vectors [ij, T, T3 as

(S106)

— d-a ~ ﬁ] x (e —~ n Xﬁ]
== n3 = (—~) = ..,3—,., (8107)
ld —a]| Iny x (e-a)||’ |Imz X my |
Then, we calculate the rotation matrix R under the basis vectors mji, mp, m3 as
-1
m-ng my-np mp-nN3f(m;-ng mp-n; mj-n3
R=|m,-n, mp-mp mp-m3||my-n; mp-my my-nz| - (S108)

=]

3°M] M3-Ny M3 03| (mM3-n; m3-np m3-n;

The matrix R transforms the triangle ade to ade with respect to the material coordinate frame fixed
on the triangle abe. On the undeformed (compact) configuration, the material coordinate frame has
the basis vectors mj, mp, m3. On the deformed (deployed) configuration, the material coordinate
frame has the basis vectors m;, my, ms. Since the compact and the deployed configurations have
been optimized to be compatible, the triangle abc only undergoes rigid-body motion to abc, so
does the triangle ade to ade. As a result, the matrix R performs the relative rotation of the triangle
ade with respect to the triangle abc. Furthermore, the relative rotation in the matrix form R can
also be characterized by the rotation around a rotation axis n by a rotation angle y. We can calculate

v and n by

(S109)

E11+§22+§33—1)
2 b

Yy = arccos (



n [(R32 — Ry3)m + (Ry3 — R31)my + (Ry — Rip)ms]. (S110)

~ 2siny
The vector n is expressed under the local basis vectors m;, m,, m3 on the deployed configuration.

Besides, the rotation axis can also be written as

1

= 34 [(R32 — Ro3)my + (Ry3 — R3;)my + (Ry; — Ryp)ms]. (S111)
siny

n

The vector n is expressed under the local basis vectors mj, m, m3 on the compact configuration.
The vectors n and n represent the rotation axis of the same hinge on the compact and the deployed
configurations, respectively. The local expressions benefit the analysis of kinematic indeterminacy
below because the hinges are actually attached to the panels when the ori-kiri assemblages transit
between the compatible configurations.

Kinematic indeterminacy. To investigate the mobility of the ori-kiri assemblages, we use a surrogate
truss model in which the panels are replaced by bars alongside the edges and creases. Figure S11A
shows the truss model of a deployed spherical RS mesh. We denote the number of bars by Ny, and
the number of nodes by Npoge. For an N X N X 6 RS mesh (either compact or deployed), we have
Npar = 30N? and Npoge = 12N? + 4N. For an M x N UV mesh (either compact or deployed), we
have Npyr = M (SN — 4) and Nyoqe = M (2N — 1). We denote the position of a node i by x;. The
node i has three degrees of freedom, that is, its infinitesimal displacement dx;. We aim to calculate
the degree of kinematic indeterminacy of the bar system under infinitesimal displacements. To
this end, we impose the first-order inextensibility constraint to the bars. Consider a bar connecting
node i and j as shown in Figure S11B. The length of the bar can be calculated by /;; = ||x; — x/||.
Then we equate the first-order differential of the bar length d/; ; to zero to obtain the first-order
inextensibility constraint

(x; — x;) - (dx; —dx;) =0, (S112)

This constraint can be applied to all bars and be gathered in the matrix form as
Bpar - dx =0, (S113)

where By, 1S the Npar X 3 Npode cOnstraint matrix, and dx is the vector of infinitesimal displacements
for all nodes.
To simulate the axial rotation guided by the hinges, we need to additionally impose constraints

to the relative motion of the nodes constituting adjacent triangular panels. We denote the number of



hinges by Npinge. Foran NxNx6 RS mesh (either compact or deployed), we have Npinge = 12N Z_4N.
For an M x N UV mesh (either compact or deployed), we have Npinge = M (2N — 1). Figure S11C
shows the hinge on the node i that connects the triangle ijk and the triangle i/m. On the triangle

ijk, we set up a local coordinate system with basis vectors m;, mp, m3 as

Xr — X (x; —x;) Xmy m3 X m
k— X my= ) N m, = 8 L (S114)
(¢ —x) x| s > mm |

my=-—:
x5 — x|

Under the local basis vectors m, m;, m3, we give the direction vector of the rotation axis n by

n= ﬁlml + ﬁzmz + ﬁ3m3, (5115)

where the components 11, 1, n3 are constants that do not vary with the infinitesimal displacements
dx;, dx;, dx;. This means that the direction of the rotation axis is fixed on the triangle ijk. In
addition, since the hinge guides the axial rotation of both the triangle ijk and the triangle ilm, the
direction of the rotation axis should also be fixed on the triangle i/m. To formulate this constraint, we
calculate the angles included between the axis n and two linearly independent vectors on the triangle
ilm, say, @ and 8 as shown in Figure S11C. The angle a corresponds to the vector =X — X,

which can be expressed with the local basis vectors mj, my, m3 by
=[x —x;) - my]my + [(x; — X;) - ma]my + [(x; — X;) - m3]m3, (S116)

and the angle B corresponds to the vector Tz = X,, — X;, which can be expressed by the local basis

vectors mj, mp, m3 as
t = [(Xm — x;) - my]my + [(Xy — X;) - mp]my + [(X — X;) - m3]m. (S117)
Then the expressions of @ and £ can be written as
_ 0t _ b
a =arccos (n- ——|, pB=arccos|n- —=—]. (S118)

I 151

Finally, the constraints for the axial rotation can be expressed by the first-order differentials of «

and S as
oa oa oa oa oa
—dx; + — -dx; + — -d —-d — -dx,, =0,
0X; X+6x]- XJ+6xk Xk+6xl Xl+6xm X (S119)
(m-dxi+8—ﬁ-dxj+a—ﬁ-dxk+a—’8-dxl+a—’8-dxm:0.

0x; 0x; 0Xy 0X; 0X,,



These constraints can be applied to all the hinges and be gathered in the matrix form as
Bhinge -dx =0, (5120)

in which Bpinge 18 the 2Npjpge X 3Nyode constraint matrix, and dx is the vector of infinitesimal
displacements for all nodes.

Now we can calculate the degree of kinematic indeterminacy of the surrogate truss model to
quantify the mobility of the ori-kiri assemblages of which the panels are connected by hinges at the

common vertices. To this end, we write the kinematic equation of the truss model as

By,
B-dx=| = |-dx=0, (S121)
Bhinge
where the kinematic matrix B consists of both the inextensibility constraints and the axial rotation
constraints. Then the degree of kinematic indeterminacy of the truss model (denoted by ») can be

calculated by
b = 3Npoge — rank(B) — 6. (S122)

Furthermore, to show the necessity of replacing spherical joints by hinges, we calculate the following

degree of kinematic indeterminacy
b’ = 3Nyoqe — rank(B’) — 6, (S123)

where the kinematic matrix B” consists of all the rows from By, and part of the rows from Bp;nge.
Therefore, b’ represents the mobility of the ori-kiri assemblages with mixed ball and revolute joints
at the vertices. Specifically, if B’ = By, b” represents the mobility of the ori-kiri assemblages with

full spherical joints.

S6 Energy landscapes upon deployment

Energy formulation. We assume that the surrogate truss model has two sources of elastic energy,
the stretching energy of the bars and the off-axial-rotation energy at the hinges. As shown in Figure
S13A, the stretching energy is induced from the linear deformation of the bars. Supposing that the

total number of bars is Ny, in the truss model, we can write the stretching energy Eg as

1 Noar
Es(X) = 5 ) [ksn(s), = s0)], (S124)
n=1



where s,, is the original length of the n-th bar; s, is the deformed length of the n-th bar; kg, is the
stiffness of the n-th bar; X is the set containing all the 3D vertex positions of the deformed truss.
The original length s,, is determined by the geometry of a given ori-kiri assemblage. The deformed
length s/, can be calculated with the vertex positions X.

The off-axial-rotation energy is induced from the restoring force resisting the relative off-axial
rotation of adjacent panels. As shown in Figure S13B, we consider two triangles connected by
a hinge at their common vertex a. From the compact state to the compatible deployed state, the
triangles abc and ade undergo rigid-body motion and relative rotation, moving to abe and ade,
respectively. Following Equations (S104)—(S111), we can set up the local coordinate frames on the
triangles abc, abc, ade, and ade, respectively. Then we can calculate the rotation matrix R and the

rotation axis n. We write the rotation axis n as
n= ﬁ]ﬁil + ﬁzﬁiz + ﬁ3ﬁi3, (5125)

where the basis vectors m, my, mj3 are attached on the triangle abc. The components ny, ny, n3 are
prescribed according to the vertex positions a, b ¢, d, e and a, BE, H, €, which are all known position
vectors for a given ori-kiri assemblage that is optimized to have two compatible configurations.
Now we investigate an intermediate configuration other than the compact or the compatible
deployed configuration. We suppose the vertices move to new positions a’, b’, ¢/, d’, €’ at the

intermediate state. If we replace the vertices a, b,C. d, ¢ by a’, b’, ¢/, d’, ¢ in Equations (S104)—

’

m;

(S108), we can obtain the local basis vectors m’;, m on the triangle a’b’c’, the local basis

2’

vectors n’

1> n’z, n’3 on the triangle a’d’e’, and the rotation matrix R’ for the intermediate configuration.

Here, the matrix R’ transforms the triangle ade to the triangle a’d’e” with respect to the material
coordinate frame attached on the triangle abc. On the undeformed (compact) configuration, the

material coordinate frame has the basis vectors m;, m,, m3 on the triangle abe. On the deformed

’

(intermediate) configuration, the material coordinate frame has the basis vectors m’, m),

m’, on the
triangle a’b’c’. It is worth noting that the intermediate configuration is not necessarily compatible
with the compact configuration. In other word, the triangles abc and ade can undergo non-rigid
deformation and evolve to a’b’c’ and a’d’e’, respectively. Consequently, the material coordinate

frames on the triangles a’b’c’ and a’d’e’ can be disturbed by the non-rigid deformation. Under this

circumstance, there is no straightforward way to characterize the relative rotation of the triangle



ade with respect to the triangle abe. To avoid this issue, we assume the panels of the ori-kiri
assemblages are stiff enough such that the bars can only have small extension or compression.
Under this assumption, the matrix R” can approximately characterize the relative rotation between
the triangle a’d’e” and the triangle a’b’c’. Then we can calculate the rotation axis n” and the rotation
angle y’ corresponding to the matrix R’ according to Equations (S109) and (S111). We write the
rotation axis n’ as

’ 4 7 ’ 4 7 ’
n’ = nym; +n,m, + nym;. (S126)

We note that the rotation axis n’ is a virtual axis that reflects the direction in which the triangles
a’b’c¢’ and a’d’e’ rotate with respect to each other. We denote the axis of the physical hinge by n” at

the intermediate state. Then we can express n” as

n = ﬁlm’l + ’ﬁ’zmz + ﬁ3mg, (5127)

’

; are attached on the triangle a’b’c’. The components of n” are

m/

where the basis vectors m/, ”

1 m

approximately the same as the hinge axis n on the triangle abc because we have assumed the bars
can only have small deformation. Then, at the intermediate state, if we find n’ = n’, that is, n’1 =n,
n), = np, n); = n3, we can say that the relative rotation between the triangles a’b’c’ and a’d’e’ is
around the axis of the physical hinge. The reason is that the rotation axis of real motion n’ coincides
with the rotation axis of the physical hinge n. In this case, there is no off-axial-rotation energy.
Otherwise, if we find n” # 1’ the relative rotation between the triangles a’b’c’ and a’d’e’ is off the
axis of the physical hinge n, and the off-axial-rotation energy is induced.

To characterize the off-axial-rotation energy, we use y’n’, the vector pointing towards the
rotation axis n” and having the length equal to the rotation angle y’, to represent the total relative
rotation between the triangles a’b’c’ and a’d’e’. To extract the off-axial rotation from the total

relative rotation, we decompose the y'n’ into
’../ =/ =/
yn =yn +0n, (S128)

where

y=yn"-7, (S129)

and m’, is the unit vector that is perpendicular to the hinge axis n’. In general, the rotation around



an axis n by an angle @ can be expressed by the matrix function R(n, @) as
R(n,a) =Icosa+ (1l —cosa)n®n— & -nsina, (S130)

where I is the 3 X 3 identity matrix and € is the 3 X 3 X 3 permutation tensor whose components are
given by the 3D Levi-Civita symbol. We assume ¢ is a quantity that is much smaller than 7, then
we can obtain

[R(,, )R(W, )] [R(, )] =1+0(5), (S131)

where O () is a small quantity of the same order of magnitude as §. Thus, the total relative rotation
between the triangles a’b’¢’ and a’d’e’ can be decomposed into the combination of the two successive
rotations around the hinge axis n” and around the perpendicular axis n’, , respectively. The off-axial-
rotation energy can be considered as the result of the second rotation, and the corresponding rotation
angle 6 can be obtained by

o=lyn = (yn -m)n’|. (5132)
We use a linear rotational spring of stiffness kg to model the source of the restoring force induced
by the off-axial rotation, then the off-axial-rotation energy can be formulated as kgr6?/2. Supposing
the total number of hinges is Npinge in the truss model, we can write the total off-axial-rotation

energy ER as
Nhinge

1
Er(X) =5 ) (ko). (S133)
m=1
where 0, is the off-axial-rotation angle at the m-th hinge; X is the set containing all the 3D vertex
positions of the deformed truss. Finally, we can write the total elastic energy of the truss model as

Nbpar N hinge

1 1
E(X) =3 > lksa(sy =71 +5 > (krdp). (S134)
m=1

n=1
We assume a constant axial rigidity EA for all the bars, then we have ks, = EA/s,. We
introduce a characteristic length £, to nondimensionalize the deformation energy. Then, the scaled

stretching energy and rotational energy are expressed by
Es(X) = Es(X)/(EAL) and Er(X) = Er(X)/(EAL), (S135)
respectively. Finally, we obtain the total scaled energy:

Er(X) = Es(X) + Er(X). (S136)



We assume kg = crEA(,, where cy is a coefficient adjusting the proportion of Es and Eg in Et.
The coefficient can be expressed in terms of the stiffness by cr = kr/ (ks s,¢:). For a compact
cube with an RS mesh, we set £, with the half length of the cube L. For a compact sphere with
either an RS or an UV mesh, we set £ with the radius of the sphere R. By trial and error, we assume
that cr = 0.1, such that we can obtain both small off-axial-rotation angles and small bar strains (see
Figure S14), which are consistent with our assumptions in the derivation above.

Optimization for energy landscapes. To obtain the energy landscapes upon deployment of the
ori-kiri assemblages, we divide the deployment process into successive steps and minimize the
energy E (X) of the truss model in each step. To guide the deployment from the compact state to the
compatible deployed state, we select some control nodes Xy, and prescribe their positions upon
deployment. We refer to the nodes other than the control nodes as the free nodes Xgee. The control
nodes X1 and the free nodes X constitute all the elements in the set X. We denote the number
of deployment steps by Nep. At the compact state, the positions of the control and the free nodes
are denoted by X 1. and Xc free, respectively. At the compatible deployed state, the positions of the
control nodes and the free nodes are denoted by Xq.cui. and Xg.free, respectively. Then the energy

landscapes can be obtained by implementing the procedure as follows.
1. Give the step number Ngep and the select the control nodes Xcy;...

2. At each step k = 1,2, ..., Ngep, specify the spatial coordinates of the control nodes as

Xctrl.(k) =(1- k/Nstep)Xc-ctrl. + (k/Nstep)Xd-ctrl.-

3. Ateachstep k = 1,2, ..., Ngep, fix the control nodes X1, (k) and optimize the spatial coordi-

nates of the free nodes Xgee to minimize the scaled energy E (X).

At each step k, we initialize the free nodal positions, denoted by Xgee_in(k), with the optimal nodal
positions at the (k — 1)-th step, denoted by Xfree.opt. (kK — 1). The only exception is for the first step:
to trigger the deployment of the truss model, we disturb all the compact free nodes towards the
deployed configuration. Therefore, the initial nodal positions Xfee_in (k) can be expressed as

(1 - 1/]Vstep)xc-free + (1/Nstep)xd-free’ k=1,
Xfree..in(K) = (S137)

Xfree.,opt.(k - 1), k > 2.



It is worth noting that the selection of the control nodes can affect the results of the deployment
simulation. We select the control nodes based on the following considerations. First, the control
nodes should appear as pairs to characterize the opening trend of the slits. Second, the control nodes
should travel a relatively long distance compared to the free nodes to effectively distinguish each
step of the deployment. Third, the number of control nodes should be as small as possible to avoid
excessively increasing the overall stiffness of the truss model. We select different control nodes for

different ori-kiri assemblages as follows:
for N X N x 6 RS meshes of compact cubic shape:
Xeul. € {XN/241,N/241,k,1> XN/241,N/2.k4 |k =1,2,...,6};
for N X N x 6 RS meshes of compact spherical shape:
X1,12,2,  X1,142,  X1161, X115,
XN,1,2,1,  XN,14,1, XN,162, XN,152,

Xl € ;
XN.,N24, XN N44> XN.N,63> XN,N,53

X1,N23, X1,N43, XI,N64> XI,N,54,

for M x N UV meshes of compact spherical shape:
(S138)

Xeul, € {Xin/2+1,1> Xinj24 li=1,3,..., M}

We can see that the control nodes for a compact RS cube are located at the center of each of the six
faces, while the control nodes for a compact RS sphere are located at the corners of the six faces.
For a compact UV sphere, the control nodes are located at the outer circumference of the sphere.

We use the sequential quadratic programming (SQP) algorithm to solve the optimization prob-
lem at each step of the deployment. To accelerate the convergence of the optimization algorithm, we
impose the constraints of symmetry to the nodal positions which are consistent with the symmetry
of the ori-kiri assemblages. The energy curves (see Figures 3D, 3E, 3F in the main text and movies
S1, S3, S5) stand for the evolution of the dimensionless energy E given by Equation (S136) with
respect to the pseudo time ¢ in the deployment process. The pseudo time ¢ is simply defined by
scaling the step number k to # = k/Ngep. Finally, we note that the optimization results are affected
by the relative location of the compact and compatible deployed configurations, because the bound-
ary conditions for the minimum energy problem are given by the positions of the control nodes,

which move from their initial locations on the compact configuration to the final locations on the



compatible deployed configuration step by step. To eliminate the effect of rigid-body motion on the
deployment simulation, we place the compact and compatible deployed configurations in the same

coordinates system, such that the centroids of the enclosed surfaces coincide with each other.
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Figure S1: RS and UV meshes that enclose different surfaces. (A) The compact RS mesh that
encloses the cube. (B) The compact RS mesh that encloses a sphere. (C) The compact UV mesh
that encloses a sphere. (D) The deployed RS mesh that encloses the cube. (E) The deployed RS

mesh that encloses a sphere. (F) The deployed UV mesh that encloses a torus.
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Figure S2: Faces and nodes of the RS mesh. (A) and (B) The cubic RS mesh and its developed
pattern at (A) the compact state and (B) the deployed state. The continuous and discontinuous
intersections of the six faces are highlighted in red and green, respectively. (C) The global indices
of the six faces, eight vertices, and sixteen edges. (D) The local indices of the four edges and four

vertices for each face.
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Figure S3: Regular RS-parameter meshes and the corresponding RS meshes. (A) Compact RS-
parameter mesh, which can generate (B) a compact cubic RS mesh and (C) a compact spherical RS
mesh. (D) Deployed RS-parameter mesh with uniform opening angles /3, which can generate (E)
the deployed cubic RS mesh and (F) the deployed spherical RS mesh. (G) Deployed RS-parameter
meshes with uniform opening angles 7/2, which can generate (H) the deployed cubic RS mesh and

(I) the deployed spherical RS mesh.
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Figure S4: Parametrization of a point P on different closed surfaces. (A) The cube with RS

mesh. (B) The sphere with RS mesh. (C) The sphere with UV mesh. (D) The torus with UV mesh.



1 1 t to
$/2
t
ta

o
=
yﬁ"
o
=
%‘V

1,4,k 2,4,k 3,4,k
1 21 21 21 2
4 314 3|14 314 3

> o)
wN
NN
wN
ENN
wN
NN
o o)

> o)
wN
NN
wN
NN
wN
NN
s o)

Figure S5: Regular RS-parameter meshes. (A) The compact RS-parameter mesh. (B) The de-
ployed RS-parameter mesh. (C) Geometric notations of an obliquely placed square on the deployed
RS-parameter mesh. (D) Indices of cells and nodes on the compact RS-parameter mesh. (E) Indices

of cells and nodes on the deployed RS-parameter mesh.
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Figure S6: Interior vertices, boundary vertices, and corner vertices in the parameter space.

(A) The compact RS-parameter mesh. (B) The deployed RS-parameter mesh.
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Figure S7: Metrics of panels. (A) The quadrilateral panel with a crease connecting vertices 1 and
3. (B) The quadrilateral panel with a crease connecting vertices 2 and 4. (C) The triangular panel
that is degenerated from a quadrilateral with zero side length s;. (D) The triangular panel that is
degenerated from a quadrilateral with zero side length s3. The crease length ss of a triangular panel

is considered to be zero.
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Figure S8: Reference opening angles of the RS and UV meshes. (A) RS mesh on a cube. (B)
RS mesh on a sphere. The reference opening angles w», w3, and ws are at the opposite locations
(backside) with respect to the angles w4, w1, and wg. (C) UV mesh on a torus. The reference

opening angles w3 and w4 are at the opposite locations (backside) with respect to the angles w; and

w).
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Figure S9: Valid (far left) and distorted (three on the right) cases of the planar quadrilaterals

in the parameter space. (A) The diagonal connects points 1 and 3. (B) The diagonal connects

points 2 and 4.
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Figure S10: Compactness of RS meshes. (A) The compact RS mesh that has no slits at the discon-

tinuous intersections. (B) The compact RS mesh that has slits at the discontinuous intersections.
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Figure S11: Kinematic constraints of the truss model. (A) The truss model of an ori-kiri

assemblage. For better visual effects, the panel faces enclosed by the bars are highlighted in gray.

(B) The constraint for inextensible bars. (C) The constraint for axial rotation.
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Figure S12: Hinges that are attached to the panels. (A) Quadrilateral panels (divided into two
triangles by a crease) and the locations where the hinges are attached. (B) Triangular panels and
the locations where the hinges are attached. (C) The hinge guides the relative rotation between two

panels in such a way that its orientation is fixed with respect to the frame of reference of each panel.



(A)

!
b . ! g
S1 a
So a 9 , S9 S3
—) 54 —)
S3
c c

Compact Intermediate Compatible deployed

(B)

Intermediate

Compatible deployed

Figure S13: Two sources of elastic energy of the truss model. (A) The stretching energy of bars.

(B) The off-axial-rotation energy at hinges.
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Figure S14: Geometric metrics evolving along the deployment path of the bistable ori-kiri
assemblages. (A-C) Shape morphing between a compact cube and a deployed sphere. (D-F)
Scaling between two spheres. (G=I) Shape morphing between a compact sphere and a deployed
cube. (J-L) Topology morphing between a compact sphere and a deployed torus. Each morphing

case includes: axial-rotation angle |y|ave. and off-axial-rotation angle |J|,ve., absolute and averaged

+
ave.

for all hinges (B, E, H, K); positive bar strain &}, and negative bar strain &, , averaged for all
bars (C, F, I, L). Dashed lines represent data from models with increased number of panels, i.e.,

6 X 6 x 6 for (A-I) and 24 x 12 for (J-L).
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Figure S15: Regular UV-parameter meshes and the corresponding UV meshes. (A) Compact
UV-parameter mesh, which can generate (B) the compact spherical UV mesh. (C) Deployed UV-
parameter mesh which can generate (D) the deployed toric UV mesh. (E) Deployed UV-parameter

mesh with which can generate (F) another deployed toric UV mesh with different opening angles.



Figure S16: Regular UV-parameter mesh. (A) Compact UV-parameter mesh. (B) Deployed
UV-parameter mesh. (C) Geometric notations of a quadrilateral cell and a triangle cell on the
deployed UV-parameter mesh. (D) Indices of the cells and nodes on the compact UV-parameter

mesh. (E)Indices of the cells and nodes on the deployed UV-parameter mesh.
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Figure S17: Interior vertices, boundary vertices, and corner vertices in the parameter space.

I Local index of polar vertex

(A) The compact UV-parameter mesh. (B) The deployed UV-parameter mesh.



Movie S1. The deployment and energy landscape of bistable ori-kiri assemblages.

Movie S2. Shape morphing between a cube and a sphere.

Movie S3. Topology morphing between a sphere and a torus.

Movie S4. The deployment and energy landscape of bistable ori-kiri assemblages with increased
number of panels.

Movie SS. The deployment and energy landscape of bistable ori-kiri assemblages with irregular

shapes.
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