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Supporting Information Text

A. Equilibrium of prismatic tensegrities. Standard prismatic tensegrities are composed of m bars, 2m horizontal cables, and m
side cables (Fig. S1). There are in total 2m nodes, which are indexed counterclockwise. The nodes 1, ..., m are vertices of the
bottom polygon while the nodes m + 1, ..., 2m belong to the top polygon. In particular, side cables connects node ¢ and node
i+m,i=1,...,m. The top and bottom polygons are the same in their size, but twisted by a angle a. A prismatic tensegrity
exhibits dihedral symmetry, i.e., m-fold rotations and m 2-fold rotations. Thus, the equilibrium can be expressed by the force
balance at one node. Under the coordinate system in Fig. S1B, the unit direction vectors of members at the node 2 can be
expressed by

ng = [—sinl,—cosl,()}, 1]

m m
Ngo = [—simlmosl,O}7 2]

m m
n, = [i(cosaf 1) L sina E} (3]

b = b ab 7b )
nc:{z[cos(a+2—7r)—1],zsin(a+2—7r>,ﬁ}, [4]
c m c m/) ¢

where r is the circumferential radius of the base polygons and h is the height of the tensegrity. Specifically, the radius r can be

expressed by
r=so 5]

2sin =
m

‘We denote the internal forces in the horizontal cables, the side cables, and the diagonal bars by Fy, Fy, and F,, respectively;
and their lengths by a, b, and ¢, respectively. Positive values of F,, F}, and F. represent tension and negative values represent
compression. The equilibrium at the node 2 can be expressed by

Fung + Fungse + Fynp + Fene = 0. [6]

It will be convenient to define the force densities, which are the forces per unit length of the members:

F, F F.
Ga==2, gp==2, and g.= == (7]
a b c

Then, the component form of Eq. (6) becomes

— 4q, sin® T4 gy(cosa — 1) + qc {cos (a + 2—7T> - 1} =0,
m m

2
@v sin a 4 gc sin (a+—7r) =0, (8]
m
@ +q.=0.
Equation (8) is solvable only if the twist angle satisfies:
T
a=g5- [9]
Under the condition of Eq. (9), we obtain the solutions of Eq. (8):
1
9a = — and el =1. [10}
—qc 2sin = —qc
Considering Eq. (7), Eq. (10) can be rewritten as
Fo _ _a and £ 9 [11]

—FC_2csin% —F. ¢
B. Infinitesimal kinematics of Kresling origami. The geometry of Kresling origami can be determined by four independent
parameters, m, r, h, and ¢ (Fig. S2). The first two are associated with the base polygon, i.e., its side number m and
circumscribed radius 7. The other two describe the global shape of the configuration, i.e., its height h and twist angle . We
use a, b, and ¢ to denote lengths of the horizontal edge, the side edge, and the diagonal edge, respectively. The corresponding
dihedral angles are denoted by 0,, 0, and 0., respectively. We stipulate that the dihedral angles 6,, 05, and 6. are defined over
the interval [0,27]. A dihedral angle in [0, 7) corresponds to a valley crease and a dihedral angle in (7, 27] corresponds to a
mountain crease. These edge lengths and dihedral angles can be expressed in terms of the four parameters (1):

a = 2rsin—, [12]
m

b= /h?+ 472 sin? %, 13]
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[14]

c= \/h2 + 472 sin? (—
2 m

0o = 27 — arctan L , [15]
2r sin (% + %) sin &

©

+
[ 2
N——

4r?sin? (2 + Z) sin? £ — h2cos (p + 2=
0y = 27 — arccos (22 sz WQ — (i m) , [16]
472 sin (§+E)sm s+ N
4r?sin? (2 + Z) sin? £ — h? cos
0. = arccos [ (2 m) 2 4 [17]

472 sin? (% + %) sin? £+ h?

The polygon side number m is constant for given Kresling origami. To investigate the infinitesimal mechanisms of Kresling
origami, we calculate the total derivatives of the edge lengths a, b, and ¢, with respect to the parameters r, h, and ¢:

da = 2sin —dr, [18]
m
b= "dn+ 7 sinpdg + 47 sin? Lar [19]
% p e T
h 72 2T r o fp w
dc = —dh + —si — | d — si -~ 4+ — ) dr. 2
c= - —|—Csm(ap+m) ¢+ —sin <2+m) r [20]

The infinitesimal mechanisms lead to zero first-order changes of edge lengths, that is,
da =db=dc=0. [21]

We consider the Kresling origami that has the same geometry as the standard prismatic tensegrity. That is, Eq. (9) holds for
the Kresling origami. Then, the initial twist angle ¢ satisfies

cpo:a:g—%. [22]
Substituting Egs. (21) and (22) into Egs. (18)—(20), we obtain
2 s
7% cos =
dr=0 and dh= —detp. [23]

Under the conditions given by Egs. (22) and (23), we calculate the total derivative of the dihedral angles 64, 65, and 6., with
respect to ¢:

a b c
dt9a = md(ﬂ, deb = Ed@, and d@c = —Edgﬁ [24]
Equations (10) and (24) lead to
do, de, do.

ot L Qe = —_— 2

Ga:qb:q b o 25]
Considering Eq. (7), Eq. (25) is equivalent to

F,:F: F.=d60, :d6, : do.. [26]

C. Framework analysis preliminaries. We consider a nondegenerate three-dimensional linear transformation T, which can be,
for example, rotation, reflection, stretch, and shear. The transformation T is applied to nodal coordinates r; = [xs, Y, zi]T
(i=1,2,...,N) of a three-dimensional free-standing pin-jointed framework. We do not consider degenerate linear transformations,
such as projection, because we focus on frameworks in three-dimensional space. We will investigate the equilibrium and
super-stability of frameworks under the transformation T. We do not change the connectivity matriz C (defined below) before
and after the transformation.
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C.1. Linear transformation. We write the transformation T in the matrix form as

T T2 Tis
T= Ty T T [27]
T51 T2 Ts3
In addition, we define two high-dimensional transformation matrices:
N Ty Ti2ly Tisly ~ Tuly Tily TisIn
Tsnm = |Toaly Tooly  Tosly and Ty = |Toaly  To2dn  Tasln |, [28]
T31Inr Tsolnr Ta3ln T31In  T32In  Ts3In

where I/ is the M-by-M identity matrix, and In is the N-by-N identity matrix. For each joint ¢, the old coordinates x;, y;, z;
are transformed to the new coordinates Z;, ¥, Z; by

Z; T T2 Tis] [z

Ui | = |T21 To2 To3| |yil - [29]
Z; T51 Tz2 Ts3] Lz

Then, the new nodal coordinate vectors X, ¥, Z can be expressed as

X Tiix + T12y + T3z X
Y| = |Toax +Ta2y +T23z| =Tsn |y|, [30]
Z T31x + ngy + 133z z
where
71 U1 Z1 x1 Y1 21
)N( = 9’ y = b i = . 9’ X = b y = k) z = [31}
TN YN ZN TN YN ZN

We recall the relationships between the coordinate difference vectors u, v, w and the nodal coordinate vectors x, y, z:

u C X
v| = C y [32]
w C| |z

The connectivity matrix C is of size M x N, where M is the number of members (struts and cables) and N is the number of
joints (nodes). Corresponding to the member k connecting joint ¢ and j, the k-th row in C represents the connection:

sign(j —p), if p=4;
Crp = { sign(i —p), if p=y; [33]
0, otherwise,

where Kk =1,2,..., M and p = 1,2, ..., N. To obtain the new coordinate difference vectors @, v, w, we first show the following
relationship:

C Ti1IpC Ti2IyC Ti3InC T1CIny T12CINn Ti3CIn C
C T3 I C  T3ImC  T33I0C T5:CIn T3:CIn T33ClN C
Then, we have
u C X C X C X u Tiiu+ Tiov + Tisw
v = C y| = C Tsy |y| = Tam C y| =Tsym | v]| = |Toau+ Toov + Tosw | [35]
W C Z C Z C Z W T31u + T3ov + T33w
where _
U1 U1 W1 Ul V1 w1
a=| |, v=| |, Ww=| ! |,u=|:[,v=|]|,w=]| 1 [. [36]
Unr U W U UM war

It is worth noting that, for each member k connecting joint 7 and j, Eq. (35) actually gives the following relationship:

Uy, Tj— & T T2 Tha)| [z; —z T T2 Tis] [uk
17]9 = sign(i — ]) gjj — gl = sign(i — ]) T21 T22 T23 Yji — Yi = T21 TQQ T23 Vk . [37}
Wy Zi— 2% T51 Ts2 Tz3] Lzj — 2 T31 T32 T33] |wk
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Also, we have the diagonal version:

I;T U UATE SYSRVAT) SYS A1 B U T11U +T12V + T13W
V| =Tsm | V| = |Toaly Toody Tosly| | V| = 121U+ T2V +TosW |, [38]
W A% T51In T32In T33ln] [W 151U + 132V + T35 W

where U = diag(@t), V = diag(¥), W = diag(W), U = diag(u), V = diag(v), W = diag(w). [39]
We denote the old and new member length vectors by 1 and 1, respectively. Their components, ¢;, and ff, satisfy
0 =ui +vi +wp and 0 = @) + 0p + Wi [40]
Finally, we give the diagonal versions of member lengths:
L = diag(l) and L= diag(1). [41]

C.2. Free-standing equilibrium condition (2). We use s to denote the member force vector of size M X 1, of which the k-th component
F is the internal force in the member k. The equilibrium matrix D is expressed by

C

T

D= C

U
V] L' [42]

C W

There is no external force applied to free-standing frameworks. Then, the equilibrium condition reads

Ds =0. [43]
C.3. Kinematic indeterminacy condition. The kinematic matrix B is expressed by

B=D". [44]

We use m to denote the infinitesimal mechanism vector of size 3N x 1, of which the p-th, (p + N)-th, and (p + 2N)-th
components dz,, dyp, dz, are the infinitesimal nodal displacements of the p-th node in the z, y, and z directions, respectively.
The infinitesimal mechanism vector m satisfies

Bm = 0. [45]

C.4. Jacobian matrix. We aim to derive the infinitesimal dihedral angle variation vector d® under the infinitesimal mechanism
m. To do this, we investigate the member j connecting node k and node 7, as shown in Fig. S4. We also use the index lch
to denote the member j, indicating the two nodes connected by the member. Notice that the framework is assumed to be
triangulated. As a result, there exist the nodes 7 and Z, as well as the members 23‘, 212:, gj, and l%f, such that the member l?:ﬁ is
the common edge of the triangle l;:ﬁ and the triangle l%l@ Suppose the j-th component in the vector 0, denoted by 6;, is the
dihedral angle between the triangles l?:ﬁ and l%f} We define the following relative position vectors

T'pg = Tp — Tg, for ﬁ?q:%aiakaé' [46]
We use n; and n; to denote the normal vectors of the triangles I%ﬁ and /%EA', respectively. These normal vectors are defined by

n; = I‘;] X I‘fg},

[47]
n; = I‘kj. X T
The explicit expression of 0; is given by (3)
n; n;
0. = i S 2 d 2 4
s = marceos (nn;n Inz||> mod 2, 48]
where
i sign(n; - rz;), n;-r;; #0, [49]
1, n; -rq;, = 0.

The symbol “mod” is the modulo operator. Equation (48) is well-defined such that 6; represents all the possible rotations
between the triangles kji and k¢j from 0 to 27. The Jacobian of §; can be explicitly expressed as (3)

00, _ llegzll
or;  myl2 Y
. ri-
% — _ I le2|“£=
or; ([l 50
99 _ (ri?rki _ ) 99; _ Thi Tk 00;
r; l[rg;112 or; gl ory
90; _ (rfcé'% _1> 90; T Tij 00
or;, lIri; 112 or; el or;
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We use r to denote the nodal coordinate vector of size 3N x 1, of which the p-th, (p + N)-th, and (p + 2N)-th components zp,
Yp, 2p are the nodal coordinates of the p-th node. Equation (50) gives the components of the Jacobian J of © with respect to r.
Noticing that dr = m, we have

de = Jm. [51]

C.5. Super-stability definition and conditions (2). Definition of super-stability: If a prestressed free-standing pin-jointed framework
is always stable in the state of self-equilibrium, in the sense of having locally strict minimum of the total potential energy,
irrespective of material properties as well as level of prestresses (i.e., signs of the prestresses should not be changed, while
the magnitude of the prestresses can be arbitrarily scaled in proportion satisfying the self-equilibrium equations), then it is
super-stable. To investigate the super-stability, we need the force density matrix E and the geometry matrix G.

We use q to denote force density vector of size M X 1, of which the k-th component gr = F/{) is the internal force density
in the member k. Considering

s = Lq, [52}
the equilibrium condition Eq. (43) is equivalent to
DLq = 0. [53]
The diagonal version of q is denoted by
Q = diag(q). [54]
We define the force density matrix by
E=C"qQcC. [55]

The equilibrium condition Eq. (43) can be equivalently expressed as

Ex =0,
Ey =0, [56]
Ez = 0.

Equation (56) implies that x, y, and z are eigenvectors of E with respect to the zero eigenvalue. Since translating a tensegrity
does not change its self-equilibrium, E must have another eigenvector i:

Ei=0, [57]

where all the entries of i are 1. Equations (56) and (57) suggest that the force density matrix E must have the rank deficiency
(number of zero eigenvalues) not less than four, so as to guarantee that the corresponding tensegrity is three-dimensional (i.e.,
X, y, z are linearly independent).

The geometry matrix G is defined by

G = [Uu, Vv, Ww, Uv, Uw, Vw]. [58]
The geometry matrix G describes the non-trivial affine motions

X 0 0 y z 0
d: = 0 ) dg =¥ d; = 0 ) d:y = [X]> d:Z - 0 ) dgz - z|, [59}
0 0] Z 0] X y

by the following relationship:
dyy dy® d¥*
2727 2

=L7'G. [60]

B |d;,d3,dz,

If the following three conditions are all satisfied, then the three-dimensional free-standing pin-jointed framework is super
stable:

1. Rank of the geometry matrix G is siz;
2. The force density matriz E has the minimum necessary rank deficiency four;

3. The force density matrix E is positive semi-definite.

Moreover, the first and third conditions are also necessary for super-stability.

6 of 29 Xiangxin Dang and Glaucio H. Paulino



D. Invariance theorems.

Definition 1. A new free-standing pin-jointed framework is obtained by applying a nondegenerate three-dimensional linear
transformation T to the nodal coordinates vi, = [xk,yr, 2k]" (k = 1,2,..., N) of an old three-dimensional free-standing pin-jointed
framework.

Lemma 1. If the old framework has ds independent states of self-stress and d., independent infinitesimal mechanisms, then

the new framework must have the same number of independent states of self-siress ds = ds and the same number of independent
infinitesimal mechanisms dm, = dp,.

Proof. We denote the old equilibrium matrix by D. To obtain the new equilibrium matrix D after the transformation, we need
the transposed version of Eq. (34):

C T T1uC Iy Ti2C"TIn Ti3CTly TuInCT  TiInCT Ti3InCT C B
C Tan = |T01C Iy T22CTTar To3CTTar| = |ToiInCT  TooInCT  TosInCT| = Tan C
C T51C Iy T3:CT Iy T33CTIy T51InCT  TaInCT  Ty3InCT C
[61]
Then, the new equilibrium matrix D can be expressed as
_TC TTol C T Ul C Truy B
D= C V| L= C Tan | V|L' =Tan C V|L'=T;vD@LL Y. [62]
C W C A%% C A\%\%
We can calculate the determinants:
det(Tsy) = [det(T)]Y > 0, [63]
y
det(L H =< >o. 64
@t =]] 7. [64]
k=1
In other words, both the matrices T3y and LL ! are full-rank. Therefore, we have
rank(D) = rank[TsyD(LL™")] = rank(D), [65]
which yields ~ _
ds = M —rank(D) = M — rank(D) = ds. [66]
Following Eq. (62), we can write the new kinematic matrix as
B=D" = (LL )D"Tiy = (LL”")BTjy. [67]
Then, we have N _
rank(B) = rank[(LL™")BTj3y] = rank(B), [68]
which yields ~ _
dm = 3N — 6 —rank(B) = 3N — 6 —rank(B) = dp,. [69]
O

Theorem 1 (tensegrity: invariance of equilibrium). If the old framework has a state of self-stress with internal forces F;
(i=1,2,...., M), then the new framework must have a state of self-stress with internal forces F; = (6;/0:;)F; (i =1,2,...,M).

Proof. Before the transformation, the equilibrium condition reads

DLq = 0. [70]
From Eq. (62), we know
D = T,yD(LL ™). [71]
We substitute Eq. (71) into the old equilibrium condition Eq. (70), and obtain
DLq = T;AD(LL ')Lq = T54DLq = 0. [72]
Since T, ]\1, is full-rank, we have
DLq = 0. [73]

The old force density vector q satisfies the new equilibrium condition. Therefore, the new framework has a state of self-stress
with the force density vector

q=aq. [74]

Equation (74) is equivalent to
L 's=L"'s. [75]
The component form of Eq. (75) is Fy = (£;/£:)F; (i = 1,2, ..., M). O
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Theorem 2 (origami: invariance of infinitesimal mechanism). If the old framework has an infinitesimal mechanism
with displacements dry, = [day, dyx, dzx]T (k = 1,2,..., N) and dihedral angle variations d0; (j = 1,2,..., M), then the new
framework must have an infinitesimal mechanism with displacements dfj, = det(T)T~Tdry and dihedral angle variations

d6; = (£;/¢;)d0;.

Proof. The proof includes two parts. First, we show that det(T)T~Tdry are displacements of an infinitesimal mechanism of
the new framework. We write the old mechanism m in the matrix form as

dX dx1 dy1 le
m = [dy] , where dx = ) .dy = Dol,dz= [76]

dz dxn dyn dzn

The old mechanism m satisfies
Bm=D"m=0. [77]

We substitute Eq. (71) into the old compatibility condition Eq. (77), and obtain
D'm=(L'L)D"T;fm = (L™'L)BT; s m = 0. [78]

Since L™'L is full-rank, we have B
BT;im=0. [79]

Considering that T is nondegenerate, Eq. (79) is equivalent to
Bldet(T)T;m] = 0. [80]

Therefore, the new framework has the following mechanism

m = det(T)T;ym. 81]
Equation (81) is equivalent to
1 T .
—T =m. 82
det(T) N ™ 8]
We write the new mechanism m in the matrix form as
di dgl dgl
n = [dy] , where d% = =] |,dz=| : |. [83]
dz dijn din
We recall the matrix form of Thy in Eq. (28). Then, Eq. (82) can be rewritten as
1 Ty Tor T3 ld$k‘| ldxk
—— |T12 Tee Ts2| |dyx| = |dyr|, [84]
det(T) Tiz Tes T33] |dzk dzg
or in the compact form as
1 T ..
T dr, =d 85
det(T) 'y Tk, [85]

where dry and df;, are respectively the old and the new infinitesimal mechanism displacements at node k, for k = 1,2,..., N.
Since T is nondegenerate, the new framework has an infinitesimal mechanism with displacements

diy, = det(T)T ™ "dry. 86]

The second part of the proof derives the new dihedral angle variation déj under the infinitesimal nodal displacements dix. To
do this, we start by investigating the old framework. We use the notations in Section C.4 and Fig. S4. Given Eq. (50), the
total differential df; can be calculated by

00; 00; 00; 00;
do,; = dr; + o= -dr; + >— -dr; + -— - dr;
" or; ar; ar; ar, Tk
lIr3;l l[ri; | (r il Tre Tiy sl
= n; -dr; — Jon; -dr; + | -2 L1 J -dr; SELUL LY -dr; 87
[ERIR [ H%H2 ERE eI gl ™ 87]
B <rz;2'1”1;3 B 1) sl g Ty eesll
;112 Img276 7 eyl g2 8
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From Eq. (87), we can obtain

dgj _n;-dr; né.dré (r%j ‘rfcj' _ ) n; dI‘JA rfcé'rfcj‘ Il,fdl‘j- _ (I‘fdﬁ~l‘f€5 _ ) né'drfc r%‘ﬁ' 'rfcj n; 'drfc

sl gl [ng]2 l[rg; 112 Il ezl lngll? lIrg;12 gl gl g1 58]
_nge (dr; - dl‘j) n; - (drk — dré) r;s Tpsmn; - (dr; - drl;) Tip - Th; 0y (dr] — dI‘fC)
[[n; 1 (g1 lIre; 112 [In; 12 l[eg;112 [Img 2
We define the following relative displacement vectors
drpg = dry —dry, for p,g=1,7, kL. [89]
Then, Eq. (88) becomes
do; _m;-dry o omgedrg Ty oTy 0y odrgy T Ty mg - drgg
gl Img 1 [[ng ] llegsl2 [ing]2 Iri;l12 gl 90]
r:» I n: rfd;»r,;a n;
=(dr;; — Mdr») et (drM — JdrM.> "
( T el ) (g2 M el ) ingl?
Since the infinitesimal mechanism does not change length of the members, we have
drpg - 1pq =0, for p,G=1,7,k,L. [91]

The motion of the triangle I%ﬁ relative to the node 7 is an infinitesimal rotation. According to Euler’s rotation theorem (4),
there must exist an angular velocity w that determines the infinitesimal rotation, such that

WX T = dr;-

3 and w X g =drg;. [92]

If we look at the motion of the nodes 4, 5, l;‘, and 7 in the frame of reference of the triangle l%ﬁ, the nodal displacements become

’

dl';]ﬁ :dl‘g} —w X I';J ZO,
’

d I‘chj» = drl;] —w X rfcj‘ =0, [93]
/ p—

d ri, = dr,;l; — W XTI,

’ ’ ’
drmfdrw —drzj = —dréj. +w Xrlgj.

The choice of frame of reference does not affect the dihedral angle variation between the triangles l%ﬁ and l%l:} Therefore,
Eq. (90) can be written as

dé; o TG n; ' TiiThj n; _dryeny
_— (d I‘%j- - Wd rfc}' . ”74— dl‘ké— 7H2d rz;j . | = . [94]

lleg;ll Irs; n; ||? lIrs; |12 [[ng ]2

After the transformation T, the nodal position vectors become
tp = Try, for k=1i,7,k0, [95]
and the nodal infinitesimal displacements become
diy = det(T)T "dry, for k=1,},k, 0. [96]
The new relative nodal position vectors become
tpq = Trpq, for p,Gg=1,5,k,¢, 97]
and the new relative displacement vectors become
dipg = dip — dig = det(T)T "dryg, for p,G=1,7,k,0. (98]
The new mechanism can also be verified by the following derivation
ditpg - Fpg = [det(T)T ™ Tdrpg] - (Trpg) = det(T)(drpg) " (T 7' T)rpg = det(T)drpg - 139 =0, for p,¢ =17,k L.  [99]
We can directly write the new angular velocity vector @ as

@ = Tw. [100]
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We can immediately obtain the following relationship

@ x f;; = (Tw) x (Tr;;) = det(T)T ™ (w X 1;;) = det(T)T ™ 'dr;; = dff;;

17

@ x ;= (Tw) x (Try;) = det(T)T ™ (w x r;) = det(T)T 'dry; = dit;.

[101]

Therefore, for the new framework, if we look at the motion of the nodes 7, J, k, and ? in a frame of reference of the triangle l%ﬁ,

the nodal displacements become
d/f‘gj = df‘;] — W X f‘;;j- = 0,
d/f‘fwﬁ = df‘fq —w X f‘fc} =0,
d/f‘ké = d’f‘fﬁ- — d,f‘éj"- = —df‘gj. + @ X f‘éj..

The new normal vectors are given by

Now we can write the ratio of the new dihedral angle variation d6’~]~ over the new member length ;s as

db; e T T n; I Tii Ty o i, d't;; -y
— 2 — [ d'F- d'sis |- —2— d'si;— —— 5. | - L — £
( 2T ) TmE T\ T gl ) TR T gl

S F4; i

For any two vectors a and b and a linear transformation M, the following identity holds true:
(Ma) x (Mb) = det(M)M~ " (a x b).

Therefore, the new normal vectors can be rewritten as

fi; = (Tf;;) x (TFy;) = det(T)T ™" (¥ x §;) = det(T)T ™ 'n;,

flé = (Tf.fcj) X (Tf‘k;) = det(T)T_T(f'kj X f‘fcf) = det(T)T_Tné.

Substituting Eqs. (98) and (106) into Eq. (104) yields

df;  [det(T)T "d'ry] - [det(T)T "ny] (T Td'ry)- (T "ny)

B [[det(T)T~"ny[? - ['T~"ny|2

[102]

[103]

[104]

[105]

[106]

[107]

To find the relationship between df);/||r;;|| and déj/Hf,;j ||, we investigate the two vectors d'r;; and n;. From Egs. (91) and

(93), first, we have
d'rgg o rgy = drgg - (v —rj0) = (=dry; +@ X 155) 15 = 0.

Second, we have
’
d I‘fd; . rfcé =0.

For any three vectors a, b, ¢, the following identity holds true:
ax(bxc)=b(a-c)—c(a-b).

Then, Egs. (108) and (109) yield

d'rpp xmy =d'ry; x (rp; X rg) = rp5(d'rg - vy) —1p(d vy 1) = 0.

Therefore, the vectors d'r;; and n; are collinear. From Eq. (94), we obtain the following relationship

do;

dry, = 39 o
MO el

The linear transformation T~T preserves the collinearity, that is

TﬁleI‘fdf = ﬂ( 7Tnlz).
[l
Equations (107) and (113) yield
do;  db;
legsll el

[108]

[109]

[110]

[111]

[112]

[113]

[114]
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Equation (114) holds true for the dihedral angle variation at each member j = 1,2, ..., M. This result can also be written in
the following compact form

L™ 'Jm =L 'Jm, [115]

where J is the old Jacobian matrix of the dihedral angle 6; (=12, o M) with respect to the nodal coordinates x, yx, 2k
(k=1,2,...,N), and J is the new Jacobian matrix of the dihedral angle 6, (5 = 1,2, ..., M) with respect to the nodal coordinates
jkﬁgkﬂzk (k:17277N) O

Lemma 2. The rank of the geometry matrix G is the same for the old and new frameworks.

Proof. Before the transformation, the old geometry matrix G has the form of Eq. (58). After the transformation, we write the
new geometry matrix G as

G= [ﬁﬁ,\?ﬁ, Ww, Uv, Uw, \le} . [116]
Inserting Eqs. (35) and (38) into Eq. (116), we obtain
G =GTq, [117]
where T¢ is defined by
T T T3 Ti1 T2 T11 T3 T21 T3
T T3, T3 T12Tss T12Ts: TooTso
Te = Tty T3y T3 Ti3T2s T13Tss TasTss . [118]

2T11Th2 2059172 2731732 ThiToe + 112751 Ti1T32 + 112731 To1T32 + 1227131
2T11Tis 2021723 2731733 Thi1To3 + T13T21  T11T33 + 113731 T21733 + 123751
2T12T13  2T52T%3 232733 ThoTo3 + T13Toa  Th2T33 + 113732  Ta2T33 + 1237132

To obtain Eq. (117), we have considered that U, V, and W are diagonal matrices, which satisfy the following relationships

Vu = Uv, Wu=Uw, Wv = Vw. [119]
We can calculate the determinate of Tq:
det(Tg) = [det(T)]*, [120]
where
det(T) = Th1T22T33 — Ti1T23T30 — Ti2T21T53 + Ti2To3T51 + Thi3To1T32 — Th3T22T531. [121]
Since T is nondegenerate, we have
det(T) >0 and det(Tg) > 0. [122]
In other words, the 6-by-6 matrix T is full-rank. As a result, we have
rank(é) = rank(GTgq) = rank(G). [123]
O

Theorem 3 (tensegrity: invariance of super-stability). If the old framework is super-stable and its force density matriz
E is of rank deficiency four, then the new framework must be super-stable.

Proof. To investigate the super-stability of the free-standing pin-jointed framework after the transformation T, we check the
three conditions in Section C.5. The first and third conditions are necessary for super-stability, so they are satisfied before the
transformation. The second condition is also satisfied before the transformation, as stated in the theorem. We check the three
conditions for the free-standing pin-jointed framework after the transformation. According to Lemma 2, the rank of geometry
matrix G does not change. Thus, the first condition is satisfied. Next, according to Theorem 1, the force density vector q, or
equivalently its diagonal form Q = diag(q), does not change. As a result, the force density matrix E = CTQC does not change
as well, and the second and the third conditions are satisfied. We have verified all the three conditions, so the free-standing
pin-jointed framework is super-stable after the transformation. O

E. Rhombic truncated regular polyhedral (TRP) tensegrity. A rhombic TRP tensegrity is in self-equilibrium and super-stable if
and only if the force densities satisfy (5):

- qj = Q17

qc

@ \/(362? —4Q1 +1)* +2Q1 (6Q% — 7Q1 +2) (1 — cos 22) — (3QF —4Q1 + 1) [124]
T 2(2Q1 — 1) (1 - cos 27) ’

where Q1 > 1/2 and p = 3,4, 5 for the truncated tetrahedral, cubic, and dodecahedral configurations, respectively.

Xiangxin Dang and Glaucio H. Paulino 11 of 29



F. Generalization to projective transformations. An abstract proof of the projective invariance can be found in (6). Here, we
provide additional derivations and discussions. For any node of a framework, let its Cartesian coordinates be r = [z, y, z}T and
its homogeneous coordinates be p = [r™,1]T = [x,%, 2z, 1]T. A projective transformation (or homography) acts as a nonlinear
transformation on the Cartesian coordinates r and, equivalently, as a linear transformation on the homogeneous coordinates p.
The latter can be expressed as a 4-by-4 matrix:

H— [T t} 7 [125]

h" h
where T is a 3 X 3 linear transformation, t a translation vector, h a projection vector, and h a scale factor. Affine transformations,
consisting of a linear transformation and a translation, are a special case of projective transformations with h = 0. Additionally,
if t = 0, then H reduces to a linear transformation. For the duality problem, translations are immaterial, as they do not affect
objective vectors such as forces, angular velocities, or displacements.
Applying the projective transformation gives

L T t]||r| | Tr+t
p=Hp= [hT h} H = {h~r+h}’ [126]
so that, if h-r + h # 0, the transformed Cartesian coordinates are
Tr+t
- . 127
"Thor+h [127]

If h-r+ h =0, the node is transformed to infinity. We define the force density \; = F;/¢; for each member ij at a node j.
The balance law at j reads
Z[,\ —1;)]=0. [128]

After applying H, the new force densities are given by ( ):
Ni=X(h-r;+h)(h-r;+h). [129]

Given Eq. (128), the new balance law can be derived as

n

() = (h-ri , Tri+t  Trj+t
ZAZ(“ rﬂ)—Z[Mh rit+h)(h rﬂ+h)<h-ri+h hmﬁhﬂ

=1

= i(hrj+h)(Tr +£) = Ai(h-ri + B)(Tr; + t)]

—TZ{)\i[(h-rj)ri(h-ri)rj]}t{h-Z[/\( —r;j) }+hTZ r; — ;)] (130

i=1

—Tzn:[hx(Air,-xrj)}—t{h-zn:[x( ri —r;) }+hTZ[>\ ri —r;)]

=1

=0.

This means projective transformations preserve static indeterminacy of tensegrity (cable-strut) frameworks. In another respect,
if \; denotes infinitesimal dihedral angle variations per length, i.e., d6;/¢;, Eqs. (128)—(130) prove that projective transformations
preserve kinematic indeterminacy of origami (panel-hinge) frameworks.

Regarding tensegrity frameworks, we note a crucial distinction between a general nonlinear projective transformation (with
perspective, i.e., h # 0) and a linear transformation (which preserves parallelism). That is, the nonlinear effect may alter
the class number (e.g., from class-1 to class-n) of a tensegrity. These occur because the factors (h-r; + h)(h-r; + h) in the
transformed force densities A; (in Eq. (129)) can vary in sign or vanish to zero across members. Negative factors reverse the
compression or tension status in certain struts or cables and may make two or more struts meet at one node (i.e., change
the class number from class-1 to class-n, n > 1). Moreover, zero factors transform corresponding nodes to infinity and cause
physically invalid result, which should be avoided when applying the projective transformation.

Projective transformations are used to generate the irregular configurations in Fig. 6 in the Main Text. For Fig. 6A,
h =[0,0,1]", and the transformation matrix is

[131]

(=il
[l )
== O O
-0 oo
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For Fig. 6B, h = [1,0,0]T, and the transformation matrix is

[132]

= o O
S o= O
O = OO
= O O O

Since the effect of nonlinear projective transformations is dependent on the nodal coordinates, we give the related information
as follows. For the regular prismatic configuration, the ratio of the height to the base radius is 1.5, and the valley crease (strut)
length is scaled to 1. The Cartesian coordinate system is located at the centroid the structure, with = and y axes parallel to
the base polygons and z axis perpendicular to the base polygons.
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A 3D view Top view

— horizontal cable (¢,)

— side cable (g,)

/ bar(q)

—— horizontal cable (q,)

— side cable (¢,)

/ bar (¢,)

Fig. S1. Geometry and connectivity of prismatic tensegrities with (A) triangular and (B) hexagonal base polygons.
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A 3D view

Top view Net

1(12)

6 (11)

Top view Net
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4(9)
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2(7) 3(8)
|
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Fig. S2. Geometry and flat net of prismatic origami with (A) triangular and (B) hexagonal base polygons.
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Fig. S3. Prismatic tensegrities and origami. (A) Dual configurations with m-gons. Simulation curves of (B) the nondimensional energy U/(E AL) and (C) the maximum edge
strain |e|max Of these origami structures. The simulations are terminated when face contact occurs.
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Fig. S4. Geometry of a dihedral angle between two triangular frames.
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Fig. S5. Prismatic tensegrities and the dual origami obtained through a linear transformation T applied to the regular configurations (Top Left). The transformation T can be an
identity (I), a stretching (S, Sy, S.), a shear (Sxy, Sy, Szx), and their combinations (S S, etc).
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A 3D view Top view Rhombic cell

— type-1 cable (¢,)

— type-2 cable (q,)

/ bar (¢,

B
— type-1cable (¢,)
— type-2 cable (q,)
/ bar(q)

C

— type-1 cable (¢,)

— type-2 cable (¢q,)

/ bar(g)

Fig. S6. Geometry and connectivity of rhombic truncated regular polyhedral (TRP) tensegrities with (A) tetrahedral, (B) cubic, and (C) dodecahedral configurations.
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Fig. S7. Rhombic truncated regular polyhedral (TRP) tensegrities and the dual origami corresponding to different connectivities (p = 3 for tetrahedral, p = 4 for cubic, and
p = 5 for dodecahedral configurations) and different force densities (Q1 = —qa/qc; s€€ qq and q. in Fig. S6). The bottom row shows configurations with identical cable
lengths (¢1 = £2).
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Fig. S8. Finite deformation simulation of regular polyhedral origami structures. (A) The finite deformations are simulated under the principle of minimum potential energy.
Leveraging the configuration symmetry, the twist angle ¢, circumferential radius r, and the translation w of base triangles define the overall deformation. (B) The nondimensional
energy U/(EAL) and (C) the maximum edge strain |e|max Of the origami with different connectivities and different force densities in their dual tensegrities. The colormap is
consistent with Fig. S7. The simulations are terminated when face contact occurs.
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@07

Fig. 9. The rhombic cells in the TRP tensegrities (Leftmost Three) and the Kresling origami (Far Right).
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Fig. $10. Rhombic truncated tetrahedral tensegrities and the dual origami obtained through a linear transformation T applied to the regular configuration (Top Left). The
transformation T can be an identity (I), a stretching (Sx, Sy, S.), a shear (Sxy, Sy, Szx), and their combinations (Sx, S, etc).
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Fig. S11. Rhombic truncated cubic tensegrities and the dual origami obtained through a linear transformation T applied to the regular configuration (Top Left). The
transformation T can be an identity (I), a stretching (Sx, Sy, S.), a shear (Sxy, Sy, Szx), and their combinations (S, S, etc).
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Fig. S12. Rhombic truncated dodecahedral tensegrities and the dual origami obtained through a linear transformation T applied to the regular configuration (Top Left). The
transformation T can be an identity (I), a stretching (Sx, Sy, S.), a shear (Sxy, Sy, Szx), and their combinations (Sx, S, etc).
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Fig. S13. Finite deformation simulation and approximation of shaky polyhedral origami. (A) The nondimensional energy U/(E AL) and (B) the maximum edge strain |€|max
of the origami obtained through T applied to the regular truncated tetrahedral configuration. The colormap is consistent with Fig. S10. (C) The nondimensional energy
U/(EAL) and (D) the maximum edge strain |e|max of the origami obtained through T applied to the regular truncated cubic configuration. The colormap is consistent
with Fig. S11. (E) The nondimensional energy U/(EAL) and (F) the maximum edge strain |e|max of the origami obtained through T applied to the regular truncated
dodecahedral configuration. The colormap is consistent with Fig. S12. As illustrated by the colormaps, T can be an identity (I), a stretching (S, Sy, S.), a shear (Sxy, Sy,
S.x), and their combinations (S, S, etc). For the regular origami, the simulations are performed under the principle of minimum potential energy. For the irregular origami
(T # I), the finite nodal displacements are approximated with the linear formulation d, = det(T)T*Tdk (see Fig. 4 in the Main Text), yielding possible deformation paths
that are used to generate the curves. The curves end when face contact or edge contact occurs.
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TPU (thermoplastic polyurethane); thickness = 1.5

-

VeroMagenta

TANT origami paper

3M double-sided tape (9474LE)

Fig. S14. Components of (A) the regular prismatic tensegrity and (B) the regular prismatic origami. All dimensions are in millimeters (mm).
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Fig. S15. Components of (A) the irregular prismatic tensegrity and (B) the irregular prismatic origami. All dimensions are in millimeters (mm).
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Movie S1. Finite deformation simulation and approximation of shaky origami
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